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EDITORIAL: 
DEDICATED TO PROFESSOR SADIK KELES ON THE OCCASION OF 
HIS RETIREMENT 


BAYRAM SAHIN 


This special issue of International Journal of Maps in Mathematics (IJMM) is dedicated 


to Professor Sadik Keles of Inonu University, Turkey, on the occasion of his retirement. 
I am honored to have the opportunity to write a few words about respected Professor 


Sadik Keles, whom I have seen very valuable contributions from the beginning of my academic 


career. 


Professor Keles was born in Tokat, Turkey in 1952 and graduated from the Department of 
Mathematics and Astronomy of Ankara University with a BS in 1975 and a PhD from Firat 


University in 1982 under the supervision of Professor H. Hilmi Hacisalihoglu, respectively. 
1 


2 BAYRAM SAHIN 


He began his academic career at Firat University, Elazig, and completed his PhD there. 
Then Professor Keles was appointed as assistant professor to Inonu University, Malatya 
and remained at that institution until December 31, 2019 when he retired as full Professor. 
Professor Keles’s research interests focused on Differential Geometry and he has produced 
scientific results in many areas of differential geometry. Throughout his long career, Professor 
Keles contributed to the education of many scientists in the research field of Differential 
Geometry. In this respect, Professor Keles was the advisor of 7 MSc students and 12 doctoral 
students. 

All who have interacted with Professor Keles know he is a gentle, friendly, and kind 
person. Professor Keles touched the lives of many young mathematicians in Turkey and has 
been an inspiration to their academic career journey. Retirement from the Inonu University 
will mean that he will be able to spend more time with his family and his friends. 

Thank you for everything Professor Keles. 

Finally, I would like to acknowledge the IJMM Managing Editor, Ass. Professor Arif 
Giirsoy (Ege University), and the IJMM Technical Assistants Dr. Ibrahim Senturk (Ege 
University) and Deniz Poyraz (Ege University) for their assistance in preparing in this special 


issue, and the authors and reviewers who have made invaluable contributions. 
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SYMPLECTOSUBMERSIONS 


BAYRAM SAHIN* 


ABSTRACT. In this paper, we introduce a new submersion between almost symplectic man- 


ifolds, give examples and investigate the geometry of the base manifold when the total 
manifold has some special cases. 


1. INTRODUCTION 


In Riemannian geometry, there are two basic maps; isometric immersions and Riemannian 
submersions. Isometric immersions (Riemannian submanifolds) are basic such maps between 
Riemannian manifolds and they are characterized by their Riemannian metrics and Jacobian 
matrices. More precisely, a smooth map F': (M,g,,) —> (NV,g,,) between Riemannian man- 


ifolds (M,g,,) and (N,g,,) is called an isometric immersion (submanifold) if F. is injective 
and 


Gy (FX; F,Y) = Iu (X, a 


for vector fields X,Y tangent to M; here F, denotes the derivative map. A smooth map 


F : (M1, 91) — (Mo, g2) is called a Riemannian submersion if F;, is onto and it 


Received:2019-07-17 Accepted:2019-10-14 
2010 Mathematics Subject Classification.53D05, 53B20. 


Key words: Almost symplectic manifold, symplectic manifold, Fedosov manifold, K” ahler manifold, Rie- 
manniab submersion 
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satisfies the above equation for vector fields tangent to the horizontal space (kerF,)+. Rie- 
mannian submersions between Riemannian manifolds were first studied by O’Neill and 
Gray [6]; see also [4]. 

Submanifolds of complex manifolds ( holomorphic, totally real, CR-submanifold, etc..) 
and Riemannian submersions (holomorphic, anti-invariant, semi-invariant etc...) between 
complex manifolds have been studied widely, see for instance [11], [4] and [9]. On the other 
hand, submanifolds of symplectic manifolds have been also studied by many authors and 
this research area is an active research area. But as far as we know, a submersion ana- 
log with Riemannian submersion (or holomorphic submersion) has been not studied. By 
considering applications of symplectic manifolds and Riemannian submersions [7] in mathe- 
matical physics, it would be interesting to consider as analog of holomorphic submersion for 
symplectic manifolds. 

In this paper, we introduce a new submersion, namely symplectosubmersion, between al- 
most symplectic manifolds. We provide examples and check the existence of symplectic con- 
nection on the base manifold. We note that, in [3], the authors have considered a submersion 
f from an open manifold with a symplectic form 2 to a manifold N with dimN < dimM, 


and they proved that such submersion with symplectic fibres satisfy the h— principle. 


2. PRELIMINARIES 


A differentiable manifold M is said to be an almost complex manifold if there exists a 
linear map J : TM —+ TM satisfying J? = —id and J is said to be an almost complex 


structure of M. The tensor field N of type (1, 2) defined by 


for any X,Y € I(TM), is called Nijenhuis tensor field of J. Then, J defines a complex 
structure on M if and only if N vanishes on M. Now consider a Riemannian metric g 
on an almost complex manifold (IM, J). We say that the pair (J, g) is an almost Hermitian 


structure on M, and M is an almost Hermitian manifold if 
gt Aya YS] Gley, Y), VX,Y €T(M). (2.2) 


Moreover, if J defines a complex structure on M, then (J, g) and M are called Hermitian 


structure and Hermitian manifold, respectively. The fundamental 2-form Q of an almost 


SYMPLECTOSUBMERSIONS 5 


Hermitian manifold is defined by 
Q(X, Y)=9(X, JY), VX,Y €T(M). (2.3) 


A Hermitian metric on an almost complex M is called a Kahler metric and then M is called 


a Kahler manifold if Q is closed, i.e., 
dQ(X, Y, Z)=0, VX,Y €T(M). (2.4) 
It is known (see [11]) that the Kahlerian condition is equivalent to 
(VxJ)Y =0,VX,Y €T(M), (2.5) 


where V is the Riemannian connection of g. We note that submanifolds of an almost Hermit- 
ian manifolds are defined with respect to behaviour of the almost complex structure J. We 
will not give details of these submanifolds here, we refer the book [2] for various submanifolds 
in complex geometry. 

Riemannian submersions as a dual notion of isometric immersions have been studied in 
complex settings in the early 1970s. As an analogue of holomorphic submanifolds, Watson 
defined almost Hermitian submersions between almost Hermitian manifolds and he showed 
that the base manifold and each fiber have the same kind of structure as the total space, in 
most cases. 

A symplectic manifold is an even dimensional differentiable manifold M with a global 
2—form Q which is closed dQ = 0 and of maximal rank 0” 4 0. A Kahler manifold M with 
its fundamental 2—form is a symplectic manifold. However, there are symplectic manifolds 
that do not admit any complex structures. A pair of a manifold M and non-degenerate form 
Q, not necessarily closed is called an almost symplectic manifold. Given a linear subspace 
W of a symplectic vector space (V,Q), its symplectic orthogonal W® is the linear subspace 
defined by W® = {v € V | Q(u,v) = 0,Vu € Wh. Now, Let (N,Q) be a 2n-dimensional 
symplectic manifold and I: M — N an immersed submanifold of N. Then M is called a 
symplectic submanifold if I*Q is symplectic, i.e. the induced bilinear form 2 is nondegenerate 
and closed on the tangent bundle of the submanifold. M is called an isotropic submanifold 
if 7Q = 0. M is a Lagrangian submanifold if [*Q = 0 and dimM = 5N. We note that 
since I*() = 0, there is no induced structure. Finally M is called a coisotropic submanifold 


if (T,M)° C T,M for every p € M, for more information see: [1] 
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3. A SUBMERSION BETWEEN ALMOST SYMPLECTIC MANIFOLDS 


By inspiring Riemannian submersions, we present the following notion. 


Definition 3.1. Let (M,wy) and (N,wy) be almost symplectic manifolds and F a sub- 
mersion. If the following two conditions are satisfied, then F' is called symplectosubmersion 
between symplectic manifolds; 

(S1). The fibers F~'(q),q € N, are symplectic submanifolds of M. 

(S2). wy (FX, FY) = wm (X,Y) for X,Y €T ((KerF,)*). 


We first. note that, since the fibers are symplectic submanifolds it follows that (KerF,)+ 
is a symplectic distribution on M, i.e. (KerF,)+ M KerF, = {0}. 

We now give two examples of symplectic submersions. But we first recall the notion of 
holomorphic submersions [4]. Let (M1, Ji, 91) and (M2, J2,g2) be almost Hermition mani- 
folds. A surjective map II: M; — Mg is called almost Hermitian ( holomorphic) submersion 
and an almost complex map; i.e. 


IJ, = Jolly. (3.6) 


Example 3.1. Let (Mj, Ji,91) and (Mo, Jo, g2) be Kahler manifolds and Il : My + Mp2 an 
almost Hermitian submersion. Then (Mj, J1,91) and (Mo, Jo, 92) are symplectic manifolds 
with symplectic forms 01 = gi (X, JiY) and Q2 = go (U, JoV) for X,Y € T(M) and U,V € 


T (M2). Since II is an almost complex map, we get 
2 (FAX, FkY) = go (FLX, JoF.Y) 


and 


Oo (FX, FY) = oo (PX Peli y |). 
Then Riemannian submersion II implies that 
OQ. (FAX, PY) = 91 (X, iY). 
Hence, we get 
09 (FX, BY) = 07 ( X,Y): 


On the other hand, since g; is a Riemannian metric, (KerF,) is a symplectic distribution. 


Example 3.2. Consider the following submersion defined by 


F: (R*,04) — (R?,Q2) 
ti + £2 a 


£1, 22, 23,2 > ; 
este (“5 = 
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where Q4 and Q2 are canonical symplectic structure of R* and R?. By direct computation we 
have 
) O 6) O } 


Roh 2 Gp? Rs Se 
‘i rf . Ox, Oxo . 0x3 »=—On4 


and 


3) 6) a) 7) 
(Q4) 1, = 3 e- — === 5 ee == 
ores) PP {x Ox} = Ox , Ha 0x3 7 —} : 


where (Qa), denotes the orthogonality with respect to the symplectic form of Euclidean 4— 
space. It is easy to see that (KerF,) and (KerF.)~ are symplectic subspace of (R*,Q4). On 


the other hand, we have 


eas —. ae ee ae 
Oy Oy2 


Then we get 
4 (X3, X4) = OQ» (Fy.X3, F.X4) =). 


This shows that F is a symplectosubmersion. 


It is known that symplectic connection of a symplectic manifold is not unique. In the 
sequel we show that if the total manifold of a symplectosubmersion has a unique symplectic 
connection, then, the base manifold has also a unique symplectic connection. A symplectic 
connection V is a connection that is both torsion free and Vw = 0. We recall that a symplectic 


manifold with a fixed symplectic connection is called a Fedosov manifold [5]. 


Theorem 3.1. Let M, be a Fedosov manifold and Mz a symplectic manifold. If F : M, > 


Mp is a symplectosubmersion then My is also a Fedosov manifold. 


Proof. Since Mj is a Fedosov manifold then it has a unique symplectic connection. 


Thus we have 
1 1 1 
(vxw:) (Y,Z) =Xwi(Y,Z)-—wi (Vx, z) — Ww) (x HVxZ) =0 


for X,Y,Z € I((KerF,)+), where H is the projection morphism from TM, to (KerF,)+. 


Since F’ is a symplectosubmersion, we obtain 
1 1 2 
Xw2 (FY, FZ) — we (FHVvxy, FZ) — we (Ry. FHV 2) = (Vu) (FLY, FZ) « 
1 2 
Thus, since V is unique symplectic connection, it follows that V is also a unique symplectic 


connection on Mo. 


We also have the following theorem. 
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Theorem 3.2. Let F' be a symplectosubmersion from symplectic manifold M, to an almost 


symplectic manifold Mz. Then Mo is a symplectic manifold. 


Proof. Let X, Y and Z be vector fields on an open subset of Mz, and X, Y and 
Z be their horizontal lifts to M ,. Since M;, is a symplectic manifold then there is a closed 


nondegenerate 2—form w ; on My. Thus we get 
3dw, (X,Y,Z) = Xwi(Y,Z7)+ Yui (Z,X) + Zwe (X,Y) — wi ([X, Y], Z) 


—Wi (IY, Z| xX) — Wi ({Z, X] ¥) : 


Then symplectosubmersion F' implies that 


3dw (X,Y,Z) =Xwe 


which proves the theorem. 

It is known that, if M; is a Kahler manifold with the Riemannian metric gjy, and complex 
structure J. Then (Mj,(1) is a symplectic manifold with Q) = (X,Y) = qi (X, JY). Since 
gi is a Riemannian metric it follows that the Levi-Civita connection V is a unique symplectic 


connection. As a result, (M1,Q) is a Fedosov manifold. 


Theorem 3.3. Let (Mj, 91) be a Kahler manifold and (Mz,Q2) a symplectic manifold. If F 
is a symplectosubmersion from (M1,01) to (M2,Q2), then (M2, Q2) is a Fedosov manifold, 
where Q1(X,Y) = gi (X,Ji1Y) for almost complex structure J, and vector fields X,Y € 
T(TM,). 
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HERMITIAN MANIFOLDS SATISFYING CERTAIN CURVATURE 
CONDITIONS 


SUNIL K YADAV* AND SUDHAKAR K CHAUBEY 


ABSTRACT. The object of present paper is to study some geometrical properties of quasi 
Einstein Hermitian manifolds (QEH)n, generalized quasi Einstein Hermitian manifolds 


G(QEH)n, and pseudo generalized quasi Einstein Hermitian manifolds P(GQEH)n. 


1. INTRODUCTION 


An even dimensional differentiable manifold M™ is said to be a Hermitian manifold if the 


complex structure J of type (1,1) and a pseudo-Riemannian metric g of the manifold MW 


satisfy 

Peal, guid \=9V) (1.1) 
for all X,Y € y(M), where y(M) denotes Lie algebra of the vector fields on M. The notion of 
an Einstein manifold was introduced and studied by Albert Einstein for this fact the manifold 
is known as an Einstein manifold. In differential geometry and mathematical physics, an 


Einstein manifold is a Riemannian or pseudo-Riemannian manifold (M",g), n > 2, whose 


Ricci tensor bearing the condition 


Received:2019-07-13 Revised:2019-10-27 Accepted:2019-11-15 
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SX, Y) = ag rx, Y), (1.2) 


where S' is the Ricci tensor and qa is a non-zero scalar. It plays an important role in Rie- 


mannian geometry as well as in the general theory of relativity. From (1.2), we get 
r= na. (1.3) 
A non-flat Riemannian manifold whose non-zero Ricci tensor S' satisfies 
S(X,Y) =ag(X,Y)+ BA(X)A(Y) (1.4) 


for all X, Y € x(M) is called a quasi Einstein manifold [3], where a, 8 are scalars such that 
2B £0, Ais non- zero 1-form defined as g(X,p) = A(X) for every vector field X and p denotes 
unit vector, called generator of the manifold. An n-dimensional quasi Einstein manifold is 


denoted by (QE)n. Again from (1.4), we have 


r=na+ Bp, 

5(X,p) = (a+ B)A(X), $(p,p) = (a+ 8), (1.5) 

g(Jp,p)=0, S(Jp,p) = 0. 
The Walker space-time is an example of quasi Einstein manifold. Also it can be taken as a 
model of the perfect fluid space time in general theory of relativity [16]. A quasi Einstein 
manifold has been studied by several authors ({10]-|5], [18], [21], [24], [29]) in different ways. 
In 2001, Chaki [4] introduced the notion of generalized quasi Einstein manifold, whereas De 
and Ghose gave an example of such manifold and studies its geometrical properties in 
2004. 
A Riemannian manifold (M”,g), n > 2, is said to be a generalized quasi Einstein manifold 


if a non-zero Ricci tensor S' of type (0,2) satisfies the condition 
S(X,¥) = ag(X,Y) + BA(X)A(Y) + C(X)C(Y), (1.6) 


where a, 8 and ¥ are scalars such that 6 4 0,7 40, and A and C are non-vanishing 1-forms 
such that 
IX, p) = A(X), g(X, mM) = CX), 7) 
g(0, p) = (HH) = 1, 


where p and p are orthogonal unit vectors. Throughout the paper, we denote this manifold 


of n-dimensional by G(QE). 
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From (1.6), we can easily calculate the following: 


r=an+Bt+7, 

S(X,p) = (at B)A(X), S(X, nu) = (a+ y)C(X), 
S(u, uw) =(at+7), S(p,p) = (a+ 8), 

g(Jp, p) =9( Ju, um) =90, S(Jp,p) = S(Ju, uw) = 0. 


(1.8) 


In 2008, De and Gazi introduced the notion of nearly quasi Einstein manifold. A non- 
flat Riemannian manifold (M",g),n > 2, is called nearly quasi Einstein manifold if its Ricci 


tensor S of the type (0,2) is not identically zero and bearing the condition 


S(X,Y) =ag(X,Y) + BE(X,Y), (1.9) 


where a, @ are scalars such that 6 4 0 and EF is a non-zero symmetric tensor of type (0, 2). 
Such manifold is denoted by N(QE)n. 

In 2008, Shaikh and Jana introduced the concept of pseudo generalized quasi Einstein 
manifold and verified it by suitable non-trivial examples. 

A Riemannian manifold (M/",g), n > 2, is called a pseudo generalized quasi Einstein manifold 


if its Ricci tensor S' of type (0,2) is not identically zero bearing the condition 


S(X,Y) =ag(X,Y) + BA(X)A(Y) +yC(X)C(Y) + AD(X,Y), (1.10) 


where a, 3, y and A are non-zero scalars; D is a non-zero symmetric tensor of type (0,2) with 


zero trace and A, C are non-vanishing 1-forms such that 


g(X, p) = A(X), g(X, pL) = C(x), 


D(X,p)=9,  9(p,e) =9(u, hw) = 1 


(1.11) 


for any vector field _X; p and pu are mutually orthogonal unit vector fields, called the generators 
of the manifold. Such type of manifold is denoted by P(GQE),. In view of (1.10) and (1.11), 


we can easily compute that 


r=an+B+7+AD, 

S(X,p) = (a+ B)A(X), S(X,u) = (a+ 7)C(X), 

S(u, uw) = (at+7)+AD(u, H), S(p, 2) = (a+ B) + AD(p, p), 

9 Jp, p) = 9 Ju H) =0, S(Jp,p) =ADUp,p), S(Tu, w) = ADH, MW). 


(1.12) 
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The notion of Bochner curvature tensor was introduced by S. Bochner [2] and is defined as 


B(Y, Z,U,V) = R(Y, Z,U,V) 
S(Y, V)g(Z, U) — 16g U)g(Z, V) + S(Z, U)gG(Y, V) 


A —S(Z,V)g(¥,U) + S(JY,V)9( JZ, U) — S(JY,U)g( JZ, V) 


Ant) ) 4 5(IZ,U)g(JY,V) — S(IZ,V)g(FY,U) —25(JY, Z)g(JU,V) [ (1.13) 
~25(JU,V)g( JY, Z) 
: WZ,U)g(¥,V) — ¥,U)9(Z,V) + (JZ, UG JY, V) 
+ GnFD)Gn+4) , 


9 (FY, U)g(JZ,V) — 2g( JY, Z)g(JU,V) 


where R and r are the curvature tensor of type (0,4) and the scalar curvature of manifold, 


respectively. In a Hermitian manifold, the Bochner curvature tensor B satisfies the condition 
B(X,Y,U,W) = —B(X,Y,W,U). (1.14) 


In a Riemannian manifold (1",g), n > 2, the Weyl conformal curvature tensor W of type 


(1,3) is defined by 


W(X,Y)Z = R(X,Y)Z — 15{9(¥, Z)QX — 9(X, Z)QY + S(Y,Z)X 
—3(X,Z)Y} + qrayacy {9(¥, Z)X — 9X, ZY}, 


(1.15) 


where @ is the symmetric endomorphism of the tangent space at each point corresponding 
to Ricci tensor S, that is, g(QX,Y) = S(X,Y). 

The scalar curvature r = )>;"., S(e:,e;), thus }\7_;(VxS)(e:,e,) = Vxr = dr(X), where 
{e;,7 = 1,2,3,...,n} is a set of orthonormal vector fields of M". Putting Y = Z = e; in 
(Vy S)(X, Z) = g((VyQ)(X), Z) and taking summation over 7, we get 


n n 


So(Ve:5)(X, ei) = S/ 9((VeQ)(X), ei); 
i=1 i=1 
(divQ)(X) = tr(Z > (VzQ)(X)) 
= Vie 9((Ve,Q)(X), ei). 

But it is known that (divQ)(X) = gdr(X). Then 07, (Ve,S)(X,e:) = 5dr(X) and 
WealVe,S)(IX, e;) = gdr(X). 
Let (M",g) be a Riemannian manifold and V be the Levi-Civita connection, then a Rie- 
mannian manifold is said to be locally symmetric if VR = 0, that notion has been studied 
by different geometers through different approach. The notion of semisymmetry has been 


developed by Szabo [30], recurrent manifold by Walker [32], conformally recurrent by Adati 
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and Miyazawa [I]. According to Szabo, if the manifold satisfies the condition R- R = 0, then 


it is called semisymmetric manifold. 
Definition 1.1. The Einstein tensor E is defined as 

ECL Y\)=8C.,Y)= —9(X,Y), (1.16) 
where S is the Ricci tensor and r is the scalar curvature. 


Definition 1.2. A n-dimensional Hermitian manifold is said to be [30]: 


(1) Bochner Ricci semisymmetric if it satisfies 

(B(X,Y)-S)(U,V) =0, VX, Y,U,V € x(M). C17) 
(2) Bochner Einstein semisymmetric if it satisfies 

(B(X,Y)- E\(U,V) =0, VX,Y,U,V € x(M). (1.18) 
(3) Einstein semisymmetric it is satisfies 

(R(X, Y)- E\(U,V) =0, VX,Y,U,V € x(M). (1.19) 


For a (0,k)-tensor field T on M, k > 1 and a symmetric (0,2) tensor field A on M, the 
(0,& + 2)-tensor field R-T, Q(A,T) and Q(B,T) are defined by 


(R . T)(X1, 1 XKS X, Y) _ —T( R(X, Y)Xi, wig) a T(X1, wag Rap TRL, Y JAR) 
Q(A, T)(X, sip RL 2 = =T((A AA Y)Xi, chp Dep) aa ae ey ey eds (X AA Y)Xx), 
Q(B,T)(X1, ep dep eey | a =T((x As Y)Xi, vy Xk) = eee T( Xi; Lip Dts (x As Y)Xxk), 


where (X A4 Y) and (X Ag Y) are the endomorphism defined as 
(X Aa Y)Z = A(Y,Z)X — A(X,Z)Y, (X Ag Y)Z = S(¥,Z)X — S(X, ZY. 


As per our need we recall the notion of the Ricci solitons. It is a natural generalization of 
an Einstein metric and is defined on a Riemannian manifold (M”, g) as: 


A Ricci soliton on (M", g) is a triplet (g, V, A) such that 
Lipp 298 £29 =0, (1.20) 


where V is the potential vector field, \ is a real scalar, S is the Ricci tensor on M” and Ly 
is the Lie derivative operator along V. A Ricci soliton is said to be shrinking, steady and 
expanding according as 4 is negative, zero and positive, respectively [22]. For details, we 


refer [9]-[14], [23], [27], [31], [86]-[35] and the references there in. 
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Proposition 1.1. Let a Riemannian manifold (M",g), n > 2, with Ricci soliton (g, V, X) 
bearing Einstein tensor. If V is solenoid, then (g,V,2) is shrinking, or steady, or expanding 


depending upon the sign of scalar curvature. 


2. BOCHNER RICCI SEMISYMMETRIC MANIFOLDS 


In this section, we set the following definitions that will be useful to deduce our results. 


Definition 2.1. A Hermitian manifold is said to be a quasi Einstein Hermitian manifold if 


it satisfies the restriction (1.4). 


In our study, we denote the quasi Einstein Hermitian manifold by (QEH),. 


Definition 2.2. A quasi Einstein Hermitian manifold (QEH),, is said to be Bochner Ricci 
semisymmetric if it satisfies the condition (1.17). 


If we follow Bochner Ricci semisymmetric quasi Einstein Hermitian manifold, then from 


(1.4) and (1.17), we get 


a{B(X,Y,Z,W) + B(X,Y,W,Z)} + B{A(B(X, Y)Z)A(W) + A(Z)A(B(X, Y)W)} = 0. 


(2.21) 
Making use of in (2.21), we get 
B{A(B(X,Y)Z)A(W) + A(Z)A(B(X, Y)W)} = 0. (2.22) 


This implies that either 8 = 0 or A(B(X,Y)Z)A(W) + A(Z)A(B(X,Y)W) = 0. If 6 = 0 
and A(B(X,Y)Z)A(W) + A(Z)A(B(X, Y)W) # 0, then from (1.4), we get 


S(X,Y ) =ag(X,Y). (2.23) 
In view of (1.20) and (2.23), we get 
(Lyg)(X,Y) + 2ag(X,Y) + 2Ag(X,Y) = 0. (2.24) 


Putting X = Y =e; in (2.24), where {e;,i = 1,2,...,n} denotes a basis of the tangent space 


at each point of the manifold, and taking summation over 7, 1 < i <n, we get 
div V + 2an + 2An = 0. (2.25) 


If V is solenoidal, then div V = 0, and hence \ = —+. Thus we write the following result. 
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Theorem 2.1. Let (g,V,\) be a Ricci soliton on a quasi Einstein Hermitian manifold 
(QEH),. If (QEH),, is Bochner Ricci semisymmetric and V is solenoidal, then (g, V, A) 


is shrinking, steady and expanding depending upon the sign of the scalar curvature. 


Corollary 2.1. Every Bochner Ricci semisymmetric quasi Einstein Hermitian manifold 


(QEH),, is either an Einstein manifold or B(X,Y)p = 0. 


3. BOCHNER EINSTEIN RICCI SEMISYMMETRIC QUASI EINSTEIN 
HERMITIAN MANIFOLD (QE4H),p, 


In this section, we are going to deduce some results that are related to Bochner Einstein 


Ricci semisymmetric on (QEH),,. Due to this we recall the following definition: 


Definition 3.1. A quasi Einstein Hermitian manifold is said to be Bochner Einstein Ricci 


semisymmetric quasi Einstein Hermitian manifold (QEH),, if it satisfies the condition (1.18). 


If we consider Bochner Einstein Ricci semisymmetric quasi Einstein Hermitian manifold 


(QEH)n, then from and (1.18), we get 
S(B(X,Y)U, W) — ~9(B(X, Y)U,W) + S(U, B(X,Y)W) - —9(U, B(X,Y)W) =0. (3.26) 
Using and in (3.26), we get 
B{A(B(X, Y)U)A(W) + A(U) A(B(X, Y)W)} = 0. (3.27) 


This implies that either 6 = 0 or A(B(X,Y)U)A(W) + A(UU)A(B(X,Y)W) = 0. If 6 = 0 
and A(B(X,Y)U)A(W) + A(U)A(B(X,Y)W) 4 0, then from we get 


S(X,Y) =ag(X,Y). (3.28) 
Thus we are in situation to write the following results. 


Theorem 3.1. Let (g,V,) be a Ricci soliton on a quasi Einstein Hermitian manifold 
(QEH),. If (QEH),, is Bochner Einstein Ricci semisymmetric and V is solenoidal, then 
(g,V,A) is shrinking, steady and expanding according as the scalar curvature is positive, zero 


and negative, respectively. 


Corollary 3.1. Every Bochner Einstein Ricci semisymmetric quasi Einstein Hermitian man- 


ifold (QEH),, is either Einstein manifold or 1-form A satisfies the relation 


A(B(X,Y)U)A(W) + A(U)A(B(X, Y)W =0. 
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4. BOCHNER RICCI SEMISYMMETRIC GENERALIZED QUASI EINSTEIN 
MANIFOLD G(QEH), 


In this section, we are going to deduce some results that are related to Bochner curvature 


tensor on G(QEH),,. Due to this we recall the following definitions. 


Definition 4.1. A Hermitian manifold is said to be generalized quasi Einstein Hermitian 


manifold G(QEH),, if it satisfies the equation (1.6). 
In our study, we denote the generalized quasi Einstein Hermitian manifold by G(QEH),. 


Definition 4.2. A generalized quasi Einstein Hermitian manifold is said to be a Bochner 


Ricci semisymmetric generalized quasi Einstein Hermitian manifold G(QEH),, if it satisfies 


the equation (1.17). 


Let the generalized quasi Einstein Hermitian manifold G(QEH),, is Bochner Ricci semisym- 


metric, then from the equations (1-6), (1.17) and (1.14), we have 


B{A(B(X,Y)U)A(W) + ACU) A(B(X, Y)W)} 


(4.29) 
+7 {C(B(X, YJU)C(W) + C(U)C(B(X, Y)W)} = 0. 
Replacing U = p and W = p in (4.29), we get 
BA(B(X,Y)s) + C(B(X,¥)p) = 0. (4.30) 
Thus equation (4.30) can be written in the form 
BB(X,Y,u,p) +7 B(X,Y, p,m) = 0. (4.31) 
Again use of (1.14) gives 
This implies that either 8 = y or B(X,Y, , p) = 0. If 6 = 7, then from (1.6), we get 
S(X,Y) =ag(X,Y)+ BE(X,Y), (4.33) 


where E(X,Y) = A(X)A(Y) + C(X)C(Y). This implies that the manifold under considera- 
tion is a nearly quasi Einstein manifold. Also in view of (1.20) and (4.33), we get 


(Lyg)(X,Y)+2{ag(X,Y)+ 8 E(X,Y)} + 2Ag(X, Y) = 0. (4.34) 
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Putting X = Y =e; in (4.34), where {e;,1,2,...,n} is a basis of the tangent space at each 


point of the manifold and taking summation over 7, 1 < i <n, we get 


divV +an+6+An=0. (4.35) 


If V is solenoidal, then div V = 0, then we get \ = (1) . Thus we are in situation to write 


the following results. 


Theorem 4.1. Let (g,V,A) be a Ricci soliton on a generalized quasi Einstein Hermitian 
manifold G(QEH),,. If G(QEH),, is Bochner Ricci semisymmetric and V is solenoidal, then 
(g,V,A) is shrinking, steady and expanding according as the scalar curvature r > y,r = Y 


andr <y, respectively. 


Corollary 4.1. Every Bochner Ricci semisymmetric generalized quasi Einstein Hermitian 


manifold G(QEH), is either nearly quasi Einstein manifold N(QE)n or B(X,Y, wu, p) = 9. 


Corollary 4.2. A Bochner Ricci semisymmetric generalized quasi Einstein Hermitian man- 


ifold G(QEH),, is a quasi Einstein manifold. 


5. BOCHNER EINSTEIN RICCI SEMISYMMETRIC GENERALIZED QUASI 
EINSTEIN MANIFOLD G(QEH),, 


We recall the following definition as: 


Definition 5.1. A generalized quasi Einstein Hermitian manifold is said to be a Bochner 


Einstein Ricci semisymmetric generalized quasi Einstein Hermitian manifold G(QEH),, if it 


satisfies the equation (1.18). 


If we consider a Bochner Einstein Ricci semisymmetric generalized quasi Einstein Her- 


mitian manifold, then from the equations (1.6), (1.18) and (1.14), we have 


B{A(B(X,Y)U)A(W) + ACU) A(B(X, Y)W)} 


(5.36) 
+7 {C(B(X, Y)U)C(W) + C(U)C(B(X, Y)W)} = 0. 
Substituting U = p and W = pin (5.36), we get 
BA(B(X,Y)p) + yC(B(X, Y)p) = 0. (5.37) 


Thus equation (5.37) can be written in the form 
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Again using of (1.14) we have 
(8 — 7) B(X,Y, n,p) =0. (5.39) 


This implies that either G6 = y or B(X,Y,p,p) = 0. If 6 = 7 and B(X,Y,p,p) # 0, then 
from (1.6) we get 


S(X,Y) =ag(X,Y) + BE(X,Y), (5.40) 


where E(X,Y) = A(X)A(Y) + C(X)C(Y). This implies that the manifold under considera- 
tion is a nearly quasi Einstein manifold. Also in view of (1.20) and (5.40), we get 


(Lyg)(X,Y)+2{ag(X,Y)+ 8 E(X,Y)} + 2Ag(X, Y) = 0. (5.41) 


Putting X = Y = e; in (5.41), where {e;,i = 1,2,...,n} is a basis of the tangent space at 


each point of the manifold and taking summation over 7, 1 < 1 <n, we get 
divV+an+6+An.=0. (5.42) 


If V is solenoidal, then div V = 0, and hence we get \ = (—*) . Thus we are in situation to 


write the following results. 


Theorem 5.1. Let (g,V,) be a Ricci soliton on a generalized quasi Einstein Hermitian man- 
ifold G(QEH),. If G(QEH),, is Bochner Einstein Ricci semisymmetric and V is solenoidal, 
then (g, V, 2) is shrinking, steady and expanding according as the scalar curvature r > y,r = Y 


andr < yy, respectively. 


Corollary 5.1. Every Bochner Einstein Ricci semisymmetric generalized quasi Einstein 
Hermitian manifold G(QEH),, is either Bochner Einstein Ricci semisymmetric nearly quasi 


Einstein manifold N(QE), or B(X,Y, pu, p) = 0. 


Also, replacing U = W = 9 in (5.36), we get 20A(B(X,Y)p) = 0 this implies that either 
8 =0 or B(X,Y)p =0. If B = 0, the from (1.6), we get S(X,Y) = ag(X,Y)+7C(X)C(Y). 
This means that the manifold is a quasi Einstein manifold. In a similar way we can easily 
analyze for U = W = yp the manifold is a quasi Einstein manifold. Thus we state the 


following result. 


Corollary 5.2. A Bochner Einstein Ricci semisymmetric generalized quasi Einstein Her- 


mitian manifold G(QEH),, is a quasi Einstein manifold. 
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6. BOCHNER EINSTEIN RICCI SEMISYMMETRIC PSEUDO GENERALIZED 
QUASI EINSTEIN HERMITIAN MANIFOLDS P(GQEH),, 


We set the following definitions. 


Definition 6.1. A Hermitian manifold is said to be a pseudo generalized quasi Einstein 
Hermitian manifold if it satisfies the equation (1.10). In our study, we denote the pseudo 


generalized quasi Einstein Hermitian manifold by P(GQEH)n. 


Definition 6.2. A pseudo generalized quasi Einstein Hermitian manifold is said to be a 


Bochner Einstein Ricci semisymmetric pseudo generalized quasi Einstein Hermitian manifold 


P(GQEH),, if it satisfies the equation (1.18). 


We suppose that Bochner Einstein Ricci semisymmetric pseudo generalized quasi Einstein 


Hermitian manifold, then from the equations (1.10), (1.18) and (1.14), we have 
B{A(B(X,Y)U)A(W) + ACU) A(B(X, Y)W)} 


+7 {C(B(X, YU)C(W) + CWU)C(B(X, Y)W)} (6.43) 
+6 {D(B(X,Y)U,W) + DU, B(X,Y)W)} = 0. 
Substituting U = pand W = win and we assume that D(B(X,Y)p, 4)+D(p, B(X, Y)p) 
= 0, then we get 
BA(B(X,Y)y) + yC(B(X,Y)p) =0. (6.44) 
Thus equation can be written in the form 


BB(X,Y, uw, p) +7 B(X,Y, p, u) =0. (6.45) 


Again using (1.14) we have 
(8 — y) B(X,Y, pu, p) = 0. (6.46) 
This implies that either 6 = y or B(X, Y, uw, p) = 0, therefore we are in situation to write the 


following results. 


Theorem 6.1. If D(B(X,Y)p,u) = D(p, B(X,Y)u) = 0 in a Bochner Einstein semisym- 
metric pseudo generalized quasi Einstein Hermitian manifold, then either the scalars 6 and 


y are equal or B(X,Y,u, p) = 0. 


Again from (6.43) taking U = W = p, we get 23A(B(X,Y)p) = 0, this implies that either 
B =0 or B(X,Y,p,p) = 0. If 6 = 0 the from (1.10), we get 


S(X,Y) = ag(X,Y) +yC(X)C(Y) +6 D(X, Y). (6.47) 
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Also in view of (1.20) and (6.47), we get 
(Lyg)(X,Y) + 2{ag(X,Y) +yC(X)C(Y) + 6 D(X, Y)} + 2Ag(X, Y) = 0. (6.48) 


Putting X = Y = e;, in (6.48), where {e;} is a basis of the tangent space at each point of 


the manifold and taking summation over i, 1 < i <n, we get 
divV +an+7y+An. =0. (6.49) 


If V is solenoidal then divV = 0, then from (6.49) we get \ = — (a +7). Thus we are in 


situation to write the following result. 


Theorem 6.2. Let (g,V,) is a Ricci soliton in a Bochner Einstein semisymmetric pseudo 
generalized quasi Einstein Hermitian manifold with D(B(X,Y)p, p) = 0, then V is solenoidal 
and (g,V,2) satisfies the following relations. 

(1) For expanding a <0,y>0 ora=0,7<0 o0ora<0,y=0. 

(2) For steady a =0,y=0 ora=-—, ory =—an. 


(3) For shrinking a >0,y >0 ora=0,y >0 ora>0,7=0. 


Corollary 6.1. If D(B(X,Y)p,p) =0 in a Bochner Einstein semisymmetric pseudo gener- 


alized quasi Einstein Hermitian manifold, then 
S(X,Y) =ag(X,Y)+7C(X)C(Y) +6 D(X, Y). 


In similar way we can easily analysis for U = W = uw, we yield either y = O or 


B(X, Y, u, 4) = 0. Thus we have similar results as follows. 


Corollary 6.2. [f D(B(X,Y)y,) = 0 in a Bochner Einstein semisymmetric pseudo gen- 


eralized quasi Einstein Hermitian manifold, then 
S(X,Y) =ag(X,Y)+BA(X)A(Y) +6 D(X,Y). 


Corollary 6.3. Let (g,V,) is a Ricci soliton on a Bochner Einstein semisymmetric pseudo 
generalized quasi Einstein Hermitian manifold with D(B(X,Y)u, 4) = 0, then V is solenoidal 
and the Ricci soliton satisfies the following: 

(1) For expanding a <0, 8 >0 ora=0,6<0o0ra<0,6=0, 

(2) For steady a =0, 8 =0 ora=—E, or B=—an, 

(3) For shrinking a >0,8>0 ora=0,8>0 0ra>0, 6 =0. 
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7. GEOMETRICAL PROPERTIES 


In this section, we discuss the some geometrical results. Let the generator p is parallel 
vector field then R(X,Y)p = 0 which means S(X,p) = 0. Therefore from (1.4), we get 
S(X,p) = (a+ B)A(X) = 0, that implies (a + 6) = 0. In similar way we can easily prove 


(a + 8) = 0, for the generator jz. Therefore we are able to write the following results. 
Theorem 7.1. If the generator p and w of a (QEH), manifold is parallel, then a+ 8 = 0. 
Corollary 7.1. In a (QEH), manifold Qp is orthogonal to p if and only ifa+ 6B =0. 


Corollary 7.2. If the generators p and uw of aG(QEH),, manifold are parallel, then a+ 8 = 
0. 


Corollary 7.3. Ina G(QEH), manifold Qp is orthogonal to p if and only ifa+ 6 =0. 


Theorem 7.2. Let (g,V,) is a Ricci soliton on (QEH), manifold and the generators p 
and yw are parallel vector fields. If V is solenoidal, then (g,V,2) is shrinking or steady or 


expanding depending upon the nature of scalar aor fp. 


Proof. For parallel generators p and ju we have a = —, then from (1.4) we have 


S(X,Y) = af{g(X,Y) — A(X) A(Y)}. (7.50) 
In view of (1.20) and (7.50), we get 
(Lvg)(X,Y) + 2{ag(X,Y) + a A(X)A(Y)} + 2Ag(X, Y) = 0. (7.51) 


Putting X = Y = ¢;, in (7.51), where {e;} is a basis of the tangent space at each point of 


the manifold and taking summation over 7, 1 < 7 <n, we get 


divV +an—a-+An. = 0. (7.52) 


If V is solenoidal then div V = 0. Thus from (7.52), we get \ = — (224) . Thus the proof 


is completed. 


8. EINSTEIN SEMISYMMETRIC GENERALIZED QUASI EINSTEIN 
HERMITIAN MANIFOLDS G(QEH),, 


In this section, we are going to study Einstein semisymmetric G(QEH), and deduced 


some results. Let R- E = 0. Then we have 


E(R(X,Y)U,W) + S(U, R(X, Y)W =0. (8.53) 


HERMITIAN MANIFOLDS SATISFYING CERTAIN CURVATURE CONDITIONS 23 


In view of (1.16) and (8.53), we get 


S(R(X, Y)U, W) — ~ (R(X, Y)U,W) + S(U, R(X, Y)W) - ~9(U, R(X,Y)W) =0. (8.54) 


Making use of in (8.54), we get 
a{g(R(X,Y)U, W) + g(R(X,Y,W)U} + B{A(R(X, Y)U)A(W) + R(X, Y)W)A(U)} 
+7 {C(R(X, Y)U)C'(W) + C(R(X, Y) W)C(U)} 
a {g(R(X, Y)U, W) + g(R(X,Y)W,U)} =0. (8.55) 
Replacing W = p and U = p in (8.55), we get BA(R(X,Y)u = 0. This shows that either 8 


or A(R(X,Y)u = 0. In particular, if 6 = 0 then from (1.6) we observe that the manifold is 


a quasi Einstein manifold. We state the following results. 


Theorem 8.1. An Einstein semisymmetric G(QEH),, manifold is either quasi Einstein 


manifold or A(R(X,Y)u = 0. 


Corollary 8.1. Let (g,V,.) is a Ricci soliton on an Einstein semisymmetric (QEH), man- 
ifold. If V is solenoidal then the Ricci soliton satisfies the following conditions. 

(1) For expanding a <0, y>0, ora=0,7 <0, ora<0,y=0. 

(2) For steady a = 0, 7=0, ora =—2, or y= —an. 

(3) For shrinking a>0,y7>0, ora=0,y>0, ora>0,7=0. 


Theorem 8.2. The necessary condition for a G(QEH),, to be conformally conservative is 
2(n + 1)da(p) + (2n + 1)dB(u) — dy(u) = 0. 


Proof. It is known that for a Riemannian manifold of dimension n > 3 divW = 0 


which implies that 


(VxS)(Y, Z) — (VzS)(Y,X) = {dr(X)g(¥, Z) — dr(Z)g(X,Y)}. (8.56) 


1 
2(n — 1) 
Replacing X = Y = p and Z = pu in (8.56), we have 

1 
(VpS)(p, H) — (VuS)(p, 2) = Xn —1) {dr(p)9(p, H) — adr() 9(p, p)} - (8.57) 
Making use of (1.7) and (1.8) in (8.57) we get 


2(n + 1)da(p) + (2n + 1)dB(u) — dy(u) = 0. 


This complete the proof. 
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9. NATURE OF ASSOCIATED 1-FORM ON G(QEH), 


In the section, we are going to study the behavior of associated 1-form under the restriction 
that the associated scalars a, 8 and y are constants and deduced the condition for which the 
associated l-forms A, B and C are closed. Due to this we suppose that the manifold satisfies 


the Ricci tensor of Codazzi type, that is, the Ricci tensor satisfies 
(VxS)(Y,Z) = (VyS)(X, Z). (9.58) 


In view of (1.6) and (9.58), we obtain 
BLU(VxA)(Y)A(Z) + A(Z)(VxA)(Z)} + VL(VxC)(V)C(Z) + C(Y)(VxC)(Z)} 
= B{(VyA)(X)A(Z) + A(X)(Vy A)(Z)} 
+7 {(VyC)(X)C(Z) + C(X)(VyC)(Z)}. (9.59) 


On restricting Z = p in (9.59) and suppose that A and C are closed, that is, (Vx A)p = 0, p 


is the unit vector field, we lead 
B{(VxA)(Y) — (Vy A)(X)} = ¥{C(X)(VxC)(e) — C(X)(VyC)(p)} = 0. (9.60) 


Suppose that Vyplpu then Vxp = 0 therefore from (9.60), we get BdA(X,Y) = 0. This 
impels that either 6 = 0 or dA(X,Y) = 0. If 8 = 0 then from we infer that the 
manifold is a quasi Einstein manifold. Otherwise, if 8 4 0 then dA(X, Y) = 0, that is 1-form 
A is closed. 


Theorem 9.1. If a G(QEH),, manifold satisfies Codazzi type of Ricci tensor, then the 


associated 1-form A is closed. 


Corollary 9.1. If a G(QEH), manifold satisfies Codazzi type of Ricci tensor, then the 


manifold is quasi Einstein, provided the associated 1—form A is not closed. 


In particular, if we suppose that the 1-form A is closed, then (Vx A)(Y)— (Vy A)(X) = 0, 


this implies that 
IV xp,Y) — 9(Vyp,X) = 0. (9.61) 


Thus the vector field p is irrotational, putting X = p in (9.61), we get 


9(V pp, Y) — 9(Vyp,p) = 9. (9.62) 
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Since p is unit vector field due to this g(Vyp, p) = 0, therefore from (9.62), we yield V,p = 0, 
that is the integral curves generated by the vector field p are geodesic. Thus we can write 


the result as follows: 


Theorem 9.2. Ifa G(QEH),, manifold satisfies Codazzi type of Ricci tensor, then the vector 


field p is irrotational and the integral curves generated by the vector field p are geodesic. 


10. RICCI RECURRENT (QEH),, MANIFOLD 


Definition 10.1. A Riemannian manifold is said to be Ricci recurrent if the Ricci tensor 


S is non-zero and satisfies the restriction 
(Vx8)(¥, Z) = F(X)S(Y, 2), (10.63) 
where F is non-zero 1-form. 


Let the generator p is parallel vector field, then Vxp = 0 from which it is known that 
R(X,Y)p = 0, which gives S(X,p) = 0. Therefore from (1.4), we get S(X,p) = (a+ 
B)A(X) =0 = > (a+) =0. Thus (1.4) reduces to 


S(X,Y) = afg(X,Y) — A(X)A(Y)}. (10.64) 


Taking covariant derivative of (10.64) along Z, we get 


(Vz8)(X,Y) = da(Z){g(X,Y) — A(X)A(Y)}. (10.65) 
In view of (10.64) and (10.65), we get 
(VzS)(X,Y) = 2007) scx, Y). (10.66) 


Thus we have the following result. 
Theorem 10.1. A (QEH),, manifold is Ricci recurrent, provided the generator p is parallel. 
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f-— BIHARMONIC NORMAL SECTION CURVES 


FEYZA ESRA ERDOGAN", SELCEN YUKSEL PERKTAS, AND GULISTAN POLAT 


ABSTRACT. In this paper, We study f— biharmonic and bi—f harmonic normal section 


curves. We have obtain sufficient and necessary conditions to be f— biharmonic and bi—f— 


harmonic of a 3 - planar normal section curve. 


1. INTRODUCTION 


During the examination of the geometry of submanifolds, the classification of submanifolds 
has a great importance in applications. While classifying the submanifolds, many authors 
take advantage of distributions on the submanifolds. 

Then, they try to simplify the carrying out operations by imposing totally geodesic, totally 
umbilical and totally integrability conditions and search for the characteristics of submani- 

folds. This is a functional method though, it is time consuming in practice. The most. basic 
and simplest method for studying submanifold geometry is to study on the curve. In this 


respect, Chen ({I],[3]) described the normal section curves and used such curves to examine 


the geometry of submanifolds. Chen ([{1],[2]), Kim ((4],{5},[6)) and Li and Chen [IJ etc. 
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created classification of submanifolds with the concept of a normal section curve. On the 
other hand the first comprehensive study of harmonic convergence between Riemannian 
manifolds was conducted by Eells and Sampson [7]. Then harmonic convergence shed light 
on many geometers ({14],[9],[11]), a great number studies have been carried out in this area 
and have been one of the areas of great interest until today. Harmonic transformations are 
related to variational calculation. 

This calculation requires studying with the most appropriate selected objects. This situa- 
tion is that the appropriate function selected for roughly harmonic convergence equals zero at 
the appropriate point. From this point of view, it is known that the critical points of the vari- 
ation functionalities of harmonic convergence identify geodesic curves and minimal surfaces. 
Therefore, variations of the harmonic convergence of Riemannian manifolds are investigated 
by identifying connections on the energy and tension of convergence, cotangent space and 
pull- back tangent bundle in order to study on harmonic convergence of Riemannian man- 
ifolds. Eells and Lemaire [14] proposed a k— harmonic convergence in 1993. For k = 2, 
Jiang|8] obtained the variation formulas of such convergence. Today, these convergence are 
called biharmonic convergence. 

As a generalization of harmonic maps, biharmonic maps between Riemannian manifolds 
were introduced in [15]. Chen defined biharmonic submanifolds of the Euclidean space 
and stated a well-known conjecture: Any biharmonic submanifold of the Euclidean space is 
harmonic, thus minimal. 

Harmonic maps between Riemannian manifolds were first introduced and studied by Lich- 
nerowicz in 1970 (see also ). He has also some physical meanings by considering them as 
solutions of continuous spin systems and inhomogenous Heisenberg spin systems [22]. More- 
over, there is a strong relationship between f—harmonic maps and gradient Ricci solitons 
19). 

Biharmonic maps and f—harmonic maps can be associated in two different ways. The 
first way put forward by Zhao and Lu by following the concept of biharmonic maps. 
The authors extended bienergy functional to bi—f—energy functional and obtained a new 
type of harmonic maps called bi—f—harmonic maps. This idea was already considered by 
Ouakkas, Nasri and Djaa [18]. The second way is that to extend the f—energy functional 
to the f—bienergy functional by following the definition of f—harmonic map, and obtain 
another type of harmonic maps which are called f—biharmonic maps as critical points of 


f—bienergy functional. As a generalization of biharmonic maps, f—biharmonic of maps was 
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introduced by Lu [17]. A differentiable map between Riemannian manifolds is said to be 
f—biharmonic if it is a critical point of the f—bienergy functional defined by integral of f 
times the square-norm of the tension field, where f is a smooth positive function on the 
domain. If f = 1, then f—biharmonic maps are biharmonic. To avoid the confusion with the 
types of maps called by the same name in and defined as critical points of the square- 
norm of the f—tension field, some authors (see [17], [21]) called the map defined in as 


bi— f—harmonic map. 


2. PRELIMINARIES 


2.1. Normal Section Curves and Curvatures on Riemannian Manifolds 

Let y: JC R—- E™ be a unit speed curve in £””. The curve is called Frenet curve of 
osculating order r if its higer order derivatives 7/(s), y'(s), ...,y")(s) are linearly independent 
and 7/(s),7"(s),..,y"*)(s) linearly dependent, for all s € J. For each Frenet curve of 
osculating order r, one can associate an orthonormal r—frame v1, v2, ..., vp along y such that 


the Frenet formulas defined by in the usual way 


U9(s) = —ki(s)T(s) + k2(s)v3(s) 

(2.1) 
uj(s) = —k-1(s)vi-1(s) + ki(s)vi41(s), 
visi(s) = —ki(s)vi(s), 


where kj, ko, ..., ky_1 are called the Frenet curvatures. Let M be a differentiable n—dimensional 
submanifold in (n + 1r)— dimensional Euclidean space E"*". If each normal sections y of M 
is a W—curve of rank r in M then M is called weak helical submanifold of order r. If each 
r—planar normal section is a geodesic then the submanifold M is said to have geodesic nor- 
mal sections. For every geodesic normal sections of M if it is a W—curve of rank r in M is 
called weak geodesic helical submanifold of order r [13]. Assume that y is a normal section 


curve of a differentiable n— dimensional submanifold M in E"*+? and M has 3-planar normal 
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sections. Then by using Frenet formulas given by (2.1) we write 


"(s) = —ki(s)T(s) + ky (s)v2(s) + k1(s)k2(s)v3(s), 
(8) = (—3k1 (8) ky (s))T(s) 

+(ky 

+(2ki (s)k2(s) + k1(s)k5(s))v3(s). 


(2.2) 


Hence, from (2.2)if we suppose M has 3-planar normal sections, we find 


ki(s)(2k}(s)k2(s) + ki(s)k(s)) = 0, 
ky (s)ky(s)((2ki (s)ko(s) + ki(s)k5(s)) = 0, (2.3) 
k1(s)k4(s)((ky (8) — hE (s) — ki (s)3(s)) + 3ht(s)ky(s) = 0, 

for all s € I. 
2.2. f- Biharmonic and Bi-f-harmonic maps between Riemannian manifolds 
Let (MM, g) and (N,h) be Riemannian manifolds and W : (M,g) —> (N,h) be a smooth map. 
The tension field of W is given by 7(W) = trace 7 dW, where 7dW is the second fundamental 
form of W defined by 


vadU(X,Y)= Vxd¥(¥)—-dv(y¥'Y) (2.4) 
Ato -\> {VEVEV -Veu.,V}, VeT(w'TN) (2.5) 
4=1 : 


where V™ is the pull-back connection on the pull-back bundle UV-!'T'N and {e;})"_, is an 
orthonormal frame on M. Let M be a Riemannian manifold and y : J > M bea differentiable 


curve parameterized by arc length. By using the definition of the tension field, we have 
ay 0 
THSaV5EG |S) H Vee, (2.6) 
Os Os 
where T = 9’. In this case biharmonic equation [7] for the curve + reduces to 
Verve? =; (2.7) 


that is, y is called a biharmonic curve if it is a solution of the equation (2.7). 
The map WV is a f-harmonic map with a differentiable function f:M—- R, if it isa 


critical point of f-energy 


BW) =5 f flaw? avy, (2.8) 
Q 
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where 2 is a compact domain of M. The Euler-Lagrange equatiom of E's (WV) is, 
TU) = fr(W) + dU(gradf) = 0, (2.9) 


where Tf(W) is the f—tension field of UV. The map VW is said to be f-biharmonic, if it is a 


critical point of the f -bienergy functional 
il 
Exj(W) = 5 f f\rWP uy (2.10) 
Q 


where 2 is a compact domain of M. The Euler-Langrange equation for the f—bienergy 


functional is given by 
72,¢(V) = fro(U) + Afr(Y) + 2VGaapyT(¥) = 0, (2.11) 


where 72,¢(W) is the f-bitension field of UV. If an f-biharmonic map is neither harmonic 
nor biharmonic then we call it by proper f-biharmonic and if f is a constant, then an 
f -biharmonic map turns into a biharmonic map. 

Bi-f -harmonic maps W : (M,g) —> (N,h) between two Riemannian manifolds are critical 


points of the bi-f -energy functional: 
1 
Eya(¥) = 5 / Irp(W)|2 v9, (2.12) 
Q 
where (2) is a compact domain of M. The corresponding Euler-Lagrance equation is 
Tp2(V) = -trace(V™ f(V"7¢(W)) — fFVeuTs (WV) + FRY (77(W),dV)d¥) =0, (2.18) 
where Tf(W) is the f-tension field of V. tT, 2(W) is called the bi-f -tension field of the map W. 


3. f- BIHARMONIC AND BI-f -HARMONIC NORMAL SECTION CURVES 


An important special case of f - biharmonic maps is an f - biharmonic curve. Let y = 7(s) 


be a differentiable curve on N parameterized by arclength s € (a,b), where a,b € R. Then, 


putting e; = Z as an orthonormal frame on ((a,b)),ds”), we write dy(e1) = dy(2) ae 


Thus, the tension field of the curve is given by 
r(y) = Vi,dy(e1) = Vi. (3.1) 


It is also easy to see that for a function f : (a,b) > (0,00), Af = f” and Vat) = 


Fis vy vary . If we put them in the f-biharmonic map equation, 
FIVE Vy Vy — BN Vay) + OF VV Gi + FV 37 = 0 (3.2) 


the biharmonicity equation of y is obtained (see [9]). 
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Let N"(c) be a Riemannian space form and ¥: (a,b) > N”(c) be a curve with arclength 
parametrization. Let {F;,i = 1,2,...,n} be the Frenet frame along the curve y(s), which is 
obtained as the orthonormalisation of the n—tuple {VB dy(2) |& =1,2,...,n}. Then we 

3s 


have the following Frenet formula along the curve y given by 
ViF = kh, 
Vie = -boukathhiy Vi=2,3...0— 1, (3.3) 
Veale = =p a, 


where {k1, ka,...,kn—1} are the curvatures of y. Using the Frenet formulas one finds the 


tension and the bitension fields of 7, respectively, as follows: 


ry) = Vii =k Fh, (3.4) 
t(y) = —3k RLF, + (kf — kik? — kb? + kpc) Fo (3.5) 
+(2k' ke + ky ks) F3 + ky kok3Fy4. (3.6) 


Substituting these into the f-biharmonic curve equation (3.2) and comparing the coeffi- 


cients of both sides we say that 7 is an f-biharmonic curve if and only if 


3k ky f + 2f ki = 0, 
fk — fk — fkik3 + foky + 2f kL + f"ky =O, 
fkeka + f (kiko)! + fikike = 0, 
ki kok3 = 0, 


(3.7) 


(for details, we refer [9}). 


Case 3.1. If ki = constant 4 0, then the first equation of implies that f is constant 
and the curve y is biharmonic. Also, if kg = constant 4 0, then the first and third equations 


imply that f is constant and thus the curve y is biharmonic again. 


Case 3.2. If ki = constant £ 0 and ky = 0, then the f -biharmonic curve equation (3.7) is 
equivalent to 
im? (3.8) 
—fki + fek, + f"k, =0. 


Here we conclude 


Theorem 3.1. [f ky = constant 4 0 and ko = 0, then y is an f-biharmonic curve if and 


only if f is a non-zero constant function and y is a curve with ky = \/c. 
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Case 3.3. If ky = constant 4 0 and kg = constant # 0. In this case the f— biharmonic 
curve equation is equivalent to 


ik St, 
fke + fkik} — fek; =0, (3.9) 
k3 = 0. 


Then we give the following conclusion 


Theorem 3.2. If ky = constant # 0 and ko = constant # 0, then y is an f-biharmonic 


curve if and only if f is a non-zero constant function, y is a helix and k3 = 0. 


Case 3.4. If ky # constant and kp = constant # 0. In this case from the f -biharmonic 


curve equation we obtain that f = 0, which is impossible. 
So we have 


Theorem 3.3. Ifk, 4 constant and kp = constant 4 0, there does not exist an f-biharmonic 


CUuUrvUe. 


Case 3.5. If ky #4 constant and kp € constant, then the system is equivalent to 
Piaae. 
(fki)" = fki(kt + k3 — ©), 
PPkike = ce, 
k3 = 0. 


(3.10) 


Solving the first equation of (3.10), we find f = ck, af * Substituting the first equation 
into the third one in (3.10) we have k2/k1 = c3 . Therefore, we conclude that 


Theorem 3.4. If ky #4 constant and ky 4 constant, then y is a f-biharmonic curve if and 


only if f = ck, */?, ko/ky = c3, kg =0. 


Now we shall examine necessary and sufficient conditions for a normal section curve 7 
to be f- biharmonic in the Riemannian space form N(c). Note that we concentrate on 


non-geodesic cases: 


Theorem 3.5. Let M be an n—dimensional submanifold of Riemannian space form N(c), 
(dim N = (n+ 3)) andy be the normal section curve of M with ki = constant 4 0, kz = 0. 
Then M has planar normal sections if and only if the normal section curve y of M is an 


f—biharmonic curve satisfying f is a non-zero constant function and ky = /c. 
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Theorem 3.6. Let M be an n-dimensional submanifold of Riemannian space form N(c), 
(dim N = (n+ 3)) and y be the normal section curve of M with ki = constant # 0 and 
ko = constant # 0.Then M has planar normal sections if and only if the normal section 
curve y of M is an f— biharmonic curve satisfying f is a non-zero constant function and 


k2 + k2 =e, kg =0. 


Theorem 3.7. Let M be an n—dimensional submanifold of Riemannian space form N(c), 
(dim N = (n+ 3)) and ¥y be the normal section curve of M with ki 4 constant and ko # 
constant. Then M has planar normal sections if and only if the normal section curve y of 


M is an f— biharmonic curve satisfying f = ek, 3! and k2/ky = c3, kz = 0. 


Next we shall investigate bi— f—harmonicity of planar normal sections curves. 
Let y : 1 + M(c) be a differentiable curve in a Riemannian manifold M(c), parameterized 


by its arclength. Then ¥ is a bi-f-harmonic curve if and only if (for details, see {12]) 


—3ky kf? —4ki ffi + ff" + f'f! =0, 
—k3 f2 — by h2f2 + RY f2 + AR ff + Bk fF" + Qk (fF)? + ck f2 = 0, 
2ki kof + kikgf + 4kikef’ = 0, 
ky kok3z = 0. 


(3.11) 


We assume that y : I > E” is a differentiable curve in the n—dimensional Euclidean 
space, defined on an open real interval J and parameterized by its arclength. Since E” is a 
Riemannian space form with c = 0, from the bi— f—harmonic curve equation given by 
we have 


Theorem 3.8. Let y: I > E” be a curve in the n-dimensional Euclidean space parameter- 


ized by its arclength. Then y is a bi—f—harmonic curve if and only if 


—3k ki f? — Aki f fi + ff" + ff’ =, 
—k3 f? — ky kof? + ky f? + 4k ff + 3k ff" + 2k (f!)? = 0, 


(3.12) 
2k kof + kiko f + 4kikof’ = 0, 
ky kok3 = 0. 
Case 3.6. If k, = constant 4 0 and ky = 0, then reduces to 
—4ki ffi t+ ff" +s'f! = 9, (3.13) 
kif? +3ff" +277 = 0. 
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From the second equation above we obtain 
(OR Sof’) Su, (3.14) 
via the first equation of system (3.14) and we get 


Theorem 3.9. Let y: I > E” be a curve in the n-dimensional Euclideanspace, parameter- 
ized by its arclength, with ky = constant 4 0 and ky = 0. Then y is a bi—f—harmonic curve 


if and only if either f is a constant function or f is given by 
5 : 5 
f(s) = a cos( ahs) + cp sin( ahs), (3.15) 
fors€TI and cy,c € R. 
Case 3.7. If ky = constant 4 0 and kz = constant 4 0, then reduces to 


See ter 


kif? — kof? + 8k ff" +2m(f/)? = 0, 


| 
oO 


(3.16) 


fi = 0, 


k3 _ 0, 
and we conclude 


Theorem 3.10. Let y: I > E” be a curve in the n-dimensional Euclidean space, param- 
eterized by its arclength, with ky = constant 4 0 and kg = 0. Then y is a bi—f—harmonic 


curve if and only if the curvatures ky and ko satisfy: 


—3k kif? —4kif fi’ + ff" + ff" = 0, (3.17) 


—kifi +k f? +4 ff +3m( fy? 


I 
S 


(3.18) 


Let us examine necessary and sufficient conditions for which normal section curve y be 


bi- f - harmonic in the Riemannian space form. If we search non-geodesic solution. 


Theorem 3.11. Let N be a submanifold of M(c). Then N has 3-planar normal sections 
bi-f —harmonic for f(s) = cy cos(1/3h15) +9 sin(\/ 318) if and only if curvatures of planar 


normal section curves are k, = constant £0 and kp = 0 being solution of system (3.14). 
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Theorem 3.12. Let N be a submanifold of M(c). Then N has 3-planar normal sections bi- 
f—harmonic if and only if curvatures of planar normal section curves are ky = constant 4 0 


and kz = 0 satisfy; 


—3ky ki f? _ Ak? f f' ne ro ke rs rani = 0, (3.19) 
KP +e Pr +4ak ff +3k(f/yP = 0. (3.20) 
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EXPONENTIAL DECAY FOR A THERMO-VISCOELASTIC BRESSE 
SYSTEM WITH SECOND SOUND AND DELAY TERMS 


MOHAMED HOUASNI", SALAH ZITOUNI, AND RACHIDA AMIAR 


ABSTRACT. In this paper, we consider a thermo-viscoelastic Bresse system with second 
sound and delay terms, where the heat flux is given by Cattaneo’s law. Regardless of the 


speeds of wave propagation and the stable number, which is introduced in [15], we 


prove an exponential stability result using energy method under suitable assumptions on 


the weights of the delays and the frictionals damping. 


1. Introduction 


In the present paper, we consider the following thermo-viscoelastic Bresse system with 
second sound and delay terms 


piven —k (pc t+ p+ lw), — kol (we — ly) + wiv) + pepe (z,t— 71) = 0, 
pair — baa +k (Gr +p tlw) +5 fh g(t — 5) Vee (2, 8) ds + 70x = 0, 


piwey — ko (wz — ly), + kl (pe +p t+ lw) + Aru + Agu; (aw, t — 72) = 0, 


(1.1) 
p39: + dx + VWt2 = 0, 


aq + Bq + Oz =0, 
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with the initial data and boundary conditions 


y (x, 0) = yo (x), gt (x, 0) = v1 (2), w (x, 0) = yo (2), We (x, 0) = 41 (x), 
ta 0) = Wy (0) tee (a, 0) ay 0, 0) — Oo (ee). Oe (0) =F a), 


q (2,0) = G0 (x), a (#,0) = a (2). 


y (0, t) = Ue (0, t) = Wy (0, t) = 4 (0, t) = w (L,t) =v (L,t) = Pz (L, t) = q(L,t) = 0, 
Yt (x,t — 71) = fo (z,t —71), (ad) E (0, L) x (0,71) , (1.2) 
w (x,t — 72) = fo(a,t— 72), (x,t) € (0,L) x (0,79). 


where (z,t) € (0,L) x Ri, 1, p2, 93, 0, 8, k, ko, 1, b, 6,7, “1, A1 are positive constants, W2 and 
A2 are real numbers, 71,72 > 0 represent the time delays, 0 is the difference temperature, q is 
the heat flux and g is a positive function satisfying some conditions to be determined later. 
Originally, the Bresse system consists of three wave equations where the main variables 
describing the longitudinal, vertical and shear angle displacements, which can be represented 
as (see [6]): 
pigvt =Q2+IN + Fi, 
pou = M,-Q+ Fr, (1.3) 
piwy = Nz —1Q + Fs, 


where in our work 


t 
M= be 6 f g(t — s) dz (., 8) ds, N = ko (wz — ly), Q=k(yrtytlw), 


FL = -p1¢ — poye(.,t—71), Fo =0, and F3 = —Aywy — Aguyz (.,t — 72) . 


N,Q and M denote the axial force, the shear force and the bending moment. By w, y, and 
yw, we are denoting the longitudinal, vertical and shear angle displacements. Here p; = pA, 
p2 = pl, b = EI, kj = EA, k = koGA and 1 = R™!. For material properties, we use p for 
density, E for the modulus of elasticity, G for the shear modulus, k for the shear factor, A 
for the cross-sectional area, J for the second moment of area of the cross-section and R for 
the radius of curvature and we assume that all this quantities are positives. Also by Fj; we 
are denote external forces. The Bresse system ([1.3), is more general than the well-known 
Timoshenko system where the longitudinal displacement w is not considered (J = 0). 

The issue of existence and stability of Bresse system has attracted a great deal of attention 
in the last decades (e.g. [1] 2} {3} (6) LO} [11] [121 [16] [77] (78) (27) [22]). In the absence of viscoelastic 
damping (g = 0), frictionals damping yw, = A; = 0 and delay terms 2 = Az = 0, Keddi et 
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al. studied the following one-dimensional thermoelastic Bresse system 


piv —k (Yo t+ Y + lw), — kol (we — ly) = 0, 
pret — bYre + k (pa +p + lw) + 70x = 0, 
piwey — ko (wz — lp), + kl (Ye + Y + lw) = 0, (1.4) 
p39 + da + WWta = 0, 
TQ + Bq + Oz = 0, 
where the heat conduction is given by Cattaneo’s law effective in the shear angle displacement. 
They established the well-posedness of the system and proved, under a condition on the 


parameters ¢, k and ko, which is 


_ Tkp3\ (pi p2\ oT? 7 
ae we) (8 =) 7 = 0 and k = ko, 


that the system was exponentially stable depending on the stable number of the system, and 
showed that in general, the system was polynomially stable if ¢ 4 0 and k = ko. Li et al. 


extended this last result to the following Bresse system with delay 


piptt —k (pe +p + lw), — kol (we — ly) + pepe (x,t — 7) = 0, 
pave — bbea +k (pa +p + lw) + 70x = 0, 
piwey — ko (we — ly), + kl (ps +o + lw) =0, (1.5) 
p39 + dz + VVtx = 0, 
Tat + Bq + Oz = 0. 
They proved that the system is well-posed by using the semigroup method, and under a 


similar condition on the precedent parameters, that is 


2 
Pl p2 pl TY Pl 
= =OQandk=k 
¢ (7 2.) (6 ) ieee a 


they showed that the dissipation induced by the heat is strong enough to exponentially 
stabilize the system in the presence of a ”small” delay when the stable number is zero. 
Motivated by the works mentioned above, we investigate system under suitable as- 
sumptions and show that even in the presence of the viscoelastic term (g # 0), the frictionals 
damping (A1, 41 # 0) and the second delay term (Az 4 0), we can establish an exponential 
decay result regardless of the stable number ¢. Introducing the viscoelastic term together 
with the frictionals damping in the internal feedback of thermoelastic Bresse system with 
second sound makes our problem different from those considered so far in the literature. We 
prove our result by using the energy method together with some hypotheses on the weights 


of the delays and the frictionals damping as well the relaxation function g. 
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This paper is organized as follows: In Section 2, we introduce some assumptions needed 
in our work. In section 3, we shall give some technical lemmas and state with proof our main 


result. 


2. PRELIMINARIES 


In this section, we present some materials needed in the proof of our results. We also 
state, without proof, a local existence result for problem (1-1). The proof can be established 
by using Faedo-Galerkin method [7]. Throughout this paper, c or C' represents a generic 
positive constant and is different in various occurrences. 

We shall use the following assumptions: 


(Ai) g:R,— Ry, is a differentiable function such that 


g(0)>0, b- 5 | as)as =b—dg, =!1>0, (2.6) 
(Az) There exists a non-increasing differentiable function 7 : Ry — R+ such that 
g(t) < —n(t)g(t), t>0 and n(t)dt = +00. (2.7) 
Remark 2.1. Since g is positive and g(0) > 0 then for any to > 0 we have 


t to 
| g(s)ds > i g(s)ds=g0 >0, Vi > to. (2.8) 
0 0 


We introduce the new variable as in 


21(2, p, t) = yr(a,t _ Tip); LE (0, L),p S (0, 1),t > 0; (2.9) 


2o(a,p,t) = uy4(x,t— 72), xz € (0,L),p € (0,1),t > 0. (2.10) 
Then, we have 


TZI4(2, p, t) at Z1p(z, p,t) = 0, LE (0, L), p € (0,1),¢ > 0, 


T294(2, p, t) a 22(z, p,t) = 0, LE (0, L), p . (0,1),¢ =U. 
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Hence, problem (1.1)-(1.2) is equivalent to the following system, where (a, p,t) € (0,L) x 
(0, 1) x Ry 


piv — k (Ye + + lw), — kol (we — lw) + wry: + wazr(a, 1,t) = 0, 
7121, (2, p,t) + 21, (2, p,t) = 0, 

paver — bbe +k (pe +b + lw) +5 [5 9 (t— 5) Vow (x, 8) ds + 70, = 0, 

piwy — ko (We — lp), + Kl (Ye + U + lw) + Arwe + A220(z, 1,t) = 0, (2.11) 
7222,(2, p,t) + 22,(z, p, t) = 0, 

039: + dz + VWte = 9, 

aq + Bq + 6z = 0, 


with the following initial data and boundary conditions 


yp (x,0) = Yo (z), yr (x,0) = v1 (x), LE (0, L), 
(x,0) = Yo (x) , ve (x, 0) = Yr (2) x € (0,5), 
(x,0) = wo (x), we (x, 0) = wi (2) x € (0,L), 
(x,0) = go (x), ae (2,0) = m1 ( ) x € (0,L), 
0 (a0) = 09 (2); 0: (2,0) = Gi (2), z € (0,L), (2.12) 
z1(z, p, 0) = fo(z, —pt1); 22(2, p, 0) = fo(a, —pT2) (x, p) € (0, L) x (0, 1) 
ai(2,0,t) =p (,2), 2o(@,0,t) = w,(Z, 2) (x,t) € (0, L) x (0,+00), 
yp (0, t) = Wr (0, t) = Wy (0, t) = 4 (0,t) = 0, te (0, +00), 
w(L,t) =o (L,t) = ¢2 (L,t) = 9 (L,t) =0, t € (0, +00). 
Along this paper, we use the following notations 
(f ov\(t =i 7 f(t—s) (v(t) — u(s)) ds, Vu € L7(0, LZ), 
(fov)(t Sir f(t — s)(v(s) — v(t))2ds. 
The energy functional associated to (2.11)-(2.12), is 
1 L t 
E(t) = 5 i {asl + pre + piwy + p30? + aq? + (0 — 5 | u(s)ds) a dar 
0 0 
L 1 1 
+5 / {af Alep.tdp+& f 23(a, p,t)dp +k (Gx +o +t)? dex 
al Gy 
+5 ff {ko (we — lp)? + 6(g0 vr) } de (2.13) 


we denote E(t) =€ (t, p, v,w, 9, 4g, 21, 22) and E(0) =€ (0, 0; 0; 0; 60, 40, fo, fo) for sim- 


plicity of notations. 


44 MOHAMED HOUASNI*, SALAH ZITOUNI, AND RACHIDA AMIAR 


For state a local existence result, we introduce the vector function ® = (y, u, w,v,w, w, 


4,21, 22)', where u = y, v = yy, and w = uy, using the standard Lebesgue space L?(0, L) 
and the Sobolev space Hj(0,L) with their usual scalar products and norms for define the 


space H. as follows 


H = Hi (0,L) x 1(0,L) x [H3(0,L) x 1(0,L)) x [E7(0, L)]? x [L7((0,E) x (0,1)]’, 


where 
AY(0,L) = {f € H*(0,L), f (0) =0}, 
H}(0,L) = {f € H*(0,L), f(L) =}, 
H7(0,f) = 870,12) 10,2), 
H2(0, L) = H2(0,L)N H3(0, L). 


Proposition 2.1. Let ®y = (v0, ¥1, Yo, V1, W0, 1,90, G0, fo, fo)” EH be given. Assume that 
(A), (Az), 1 > |we| and Ay > |Ag| are satisfied. Then Problem (2.11 - (2.19) possesses a 


unique global (weak) solution satisfying 
d= (p, u,%,v,w, w, 6, q, 71, za)" EC (Ri;H) : 


3. Exponential stability 


In this section, we state and prove our exponential decay result for the energy of the 
solution of system (1.1)-(1.2), using the Lyapunov functional which is equivalent to the 
energy functional. To achieve our goal, we need the following technical lemmas. 


The two inequalities in the following lemma are introduced in [8] and respectively. 


Lemma 3.1. For any function g € C([0,+00),R4) and any v € L?(0,L) we have 


t 
gouPdr<(f g(s)ds) gout), veo, (3.14) 
0 
L t 2 L L 
| (| g(t — s)us(s)ds) dz < 201 f g 0 v,dx + 2a f veda. (3.15) 
0 0 0 0 
Lemma 3.2. (Poincaré-type Scheeffer’s inequality, {19|): Let h € HA (0, L). Then it 


holds 
L L [2 
/ JAI? da < cf |h,|? dz, c= =e (3.16) 
0 0) T 


Lemma 3.3. There exists a positive constant c such that the following inequality holds 


for every (vy, w,w) € [H4(0, L)}° 


L L 
y (92 +02 + w2)de < cf [be2 + k( pa + Ux + We)? + ko(we — ly)?| de. (3.17) 
0 0 
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Lemma 3.4. Let (p,~,w,0,q, 21, 22) be the solution of (2.11 - (2.19). Then the energy func- 


. * / 
tional satisfies, for some no, Ng > 0, 


; L 5 L ; 5 L L L 
El). =< -a | Pde+5 f (g othe)de — Sat) | wdz — no (/ diac + | (e,1,t)ar) 


L L 
—n9 (/ bdo + | (v,1,t)dr) <0 


TL | p19 < &y < T1(2h14 = | 112|) and T2 |Ao| = £9 < T2 (21 = |Ao|). (3.18) 


Proof. Multiplying Equation 1 by YE, 3 by we, (2.114 by we, (2.11)6 by 
6, and 2.11)7 by q, then integrating over (0, L). Next, multiplying (2.112 by (€1/t1)z1 and 
(2.11)5 by (€2/T2)z2 and integrating over (0,L) x (0,1) with respect to p and x, we get 


where 


id f* 
val {prvi + pathy + piwy + p36? + bys} dx oD 
0 
ig 
af {k (ge +0 + le)? + ko (we — ly)? + 0g} de 
0 


b 2 i L 
= -m | Y; -a f we - i f a(z,l.t}eude — 6 | q da 
0 0 0 0 
L é t 
-»2 f zo(x,1,t)urdx — | uf g(t — s)Wrx(s)dsdz, 
0 0 0 


and 


a fff te Aiea (3.20) 
T1 Jo , 2dp 1 »?Ps Pp : 


L 
= = f [22(a, 1, t) — 22(a, 0, t)]dx 


= Af 3 a [02 
= — z{(x,1,t)dx — —— prdx, 
0 1 Jo 


& L 1 
= ‘, , 2121 p(2, py t)dpdx 
Ti Jo JO 


271 or 
T. rane Se 57772 (2; p, t)dpdx 3.21 
a a dy ip Bap ( ) 
- 2 fier19-2 0,t)]d 3.22 
= a [zo (x, 1,t) — 25 (a, 0, #)|dx (3.22) 
= & [2 1 ae 2 Putas (3.23) 

Wedg Oe | a 


Now, we estimate the last term on the left-hand side of (3.19). 


L t L 5 L 
bf wit) [ att—syiea(sidsde = 55 | (goede Salt) [ va)de (8.24) 


a ( / “g(s)ds / “Wi(t\dr) -5f "Cae. 
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We have also 


A 
[= 
Ss 
aa 
w 
6 
ob 
Q 
8 
+ 
o— 
w 
N 
bho 
8 
_ 
Rae 
Q 
8 
So 


L 
—H2 [ Z1 (as i, t)prdx 
0 


/\ 
Sky bo 
a, 
os, ro) 

w& 
= 

bo 

Q 

8 

+ 
oo 

w& 

X 

bo 

— 

8 

_ 

aa 

Qu 

8 
QV 


i 
-v | zo(x,1,t)urdx 
0 


So, we conclude 


E(t) < [Gi ev.jae- 2 a(t) [vee ae a a yidax 
= BJ 2 ae oy 2 J de 7" 
&2 — |AQ| ir 2 & [pal [ 2 
(a OT 5) 2 Wy dx — on = 2 , cal (a 1,t)dx 


2) |A2| [ 2 
=| 2 al 1, t)dz. 


Using (3.18), we have, for some no, No > 0, 
' Of o3 }6 - " Ee 
2 & a (g oWyz)dx — Sate) f pdr — no (/ vias + f 23 (a, 1,t)dr) 
2 Jo 2 0 0 0 


L iE 
—Ng ( ubde+ [ Ale,1,t)dr) <0. 


Lemma 3.5. Let (y,,w,9,q, 21, 22) be a solution of (2.11)-(2.12). Then the functional 
L t 
T(t) =-m [ ve( [alto - vas) ae (3.25) 
0 0 


satisfies for any 6 >0 


L L 
LG) = =ps (w-3) f Pde + (WP + af — 2590) 5 f wide 


L L 
+ko- i (ve + + lw)? dx — pd ©) / (9' 0 We) dx 


ae i Le 
+C (6 )/ gow,dx + a 67 dx. (3.26) 
0 2 Jo 
Proof. Taking the derivative of Z,, using the third equation in (2.11), we obtain 
; L t L 
LG = -p2 | Ut (g' op) dx — po (/ g (s) is) | widx (3.27) 
0 0 0 


t L L 
+ (0-6 [gis)ds) [ gove)tade +k [ (e+ w+ tw) (gow) de 
0 0 0 
L L 
+5 [ (gour)*ar— | 6 (go wr) de. 
0 0 
By using Young’s inequality, and (3.14), we get, for any 6 >0 


L L 
5 i (gov)? da < 591 / gods (3.28) 
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L L 12 
27, 229 (0) 
= i Wr (g' op) da <d / wydx — Ay i (g' 0 Wz) dx (3.29) 


L 
(gow) dx (3.30) 


L L 
: 2 4 
bf et ¥ tlw) (gow)de <k5 f(y +u+lwP de + 


t L L 
(0-6 [ a(s)ds) | (90s) vedo < (82 +6%9? — 26590) 6 / de 


91 
+35" : (go ,) dx (3.31) 

vB: 1 fe : an fe 
-| (goue)de <5 | Pdr + Sf (go ty) dx. (3.32) 


Combining (3.27)-(3.3), the result follows. 


Lemma 3.6. Let (~, ~,w, 9,4, 21, 22) be the solution of (2.11 - (2.19), then for €1, €2,€3 > 0, 


the functional 


j= = ff af ur(y)dyde (3.33) 
satisfies the estimate 
/ P2 oe . 1 
Z(t) < -2 | vdr+e f (stu tte) de te (= +o4+ = + i) fe 6? dx 
0 0 €2 
L L L 
+ (€2 + 29163) wedx + cf q?dx + 2niea f g°vredz. (3.34) 
0 0 0 


Proof. A simple differentiation of Z2, then exploiting the third and sixth equations 


in (2.13), leads to 
p2 op3 . 
Z(t) = ps if UPd + ps le dx — a f ode — ee f Origa 


Ke Pont ote) fF Ay \dyde + 9P8 af fs (t — s)p,dsdz. 


Estimate (3.34) follows by using Cauchy—Schwarz and Young’s inequalities. 


Lemma 3.7. Let (p,,w,9,q, 21,22) be the solution of (2.11 - (2.19), then for e4 > 0, the 


= @ =a [ fa y)dydx (3.35) 
satisfies the estimate 


1 L 
T(t) <8 Parse [ vide + e(1 ta) f qedx. (3.36) 
0 


functional 
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Proof. A simple differentiation of Z3, then exploiting the last two equations in (2.11), 


leads to 


if i 
Lo = -oa | 6° dx + af q°dx + of quidxz — 3m [ 0 fa y)dydz. 
0 0 


Estimate (3.36) follows by using Cauchy—Schwarz and Young’s inequalities. 


Lemma 3.8. Let (y,u,w,0,q, 21, 22) be the solution of - , then for 5 > 0, the 


functional 


L x 

Ty(t) = nm | Yt (v+ f vu)dy) da (3.37) 
0 0 
satisfies the estimate 
k ft ‘ lko f¥ é ae ee 
Z(t) < -x (Ye + YW + lw)* dx — — (w,-—ly)"de+dc] wydx 
2 Jo 2 Jo 0 
1 L L 

+{(c+—> | peda + cf 2 (a, 1,t)dz. (3.38) 
Proof. A simple differentiation of Z4, then exploiting the first equation in (2.11), 


leads to 


Et) = pr [ef veanaute— no f (o+ f° wy Jay) eal x, 1,t)dx 


L 
-x (atytuyaeto pds —Uky (we — lp)? dx 
0 0 0 


L xc 
-m f Pt (v “+ vu)dy ) kee 
0 0 


Using Cauchy—Schwarz, Poincaré and Young’s inequalities gives (3.38). 


Lemma 3.9. Let (vy, V,w,0,q, 21, 22) be the solution of (2.11 -(2.14), then for 6 ,€4 > 0, 


the functional 
L 
t) = ps i bude (3.39) 
0 


satisfies the estimate 


b 8 Ow ke , f* 
7.0) =< ‘ + PS r2ns) vide +298 [ (9° Wx) dx 
4 0 0 


2 4d’ 


L k2 L ; £ 
+p2 | wedr + 5 | (v2 +H 4+ lw)” dx + af 62 dz. (3.40) 
0 0 0 
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Proof. A simple differentiation of Z5, then exploiting the first equation in (2.11), 


leads to 
b ph i i 
= -; | wedax +o f wed +7f Ow,.dx 
2 Jo 0 0 
L i t 
-x | (Yr, + w+ lw) pdx + sf ve | g(t — s)y,dsdz. 
0 0 0 
Using (3.14), (3.15), Cauchy—Schwarz, Poincaré and Young’s inequalities gives (3.40). 


Lemma 3.10. Let (y,v,w,0,q, 1, 22) be the solution of -(2.12) and for k = ko and 


6 >0, the functional 
L L 
T6(t) = —p1 | pt (Wz — ly) dx — py | wt (Yr +¥ + lw) dx (3.41) 
0 0 
satisfies the estimate 
; : L PY, L 
T(t) < (25 7 kol) | (we — ly)? dx + (ot +i “1 / ydx (3.42) 
0 


; L pr 2 L 
+ (m1 +28/) | (v2 ++ lw)? w+ (F Fi - pt) | widx 


ry? 2 M3 a‘ 2 3 " 2 
+06 / wpdx + a J, zy; tn, 1,4) a |, 25 (a, 1,t)de. 
Proof. A simple differentiation of Zg, using the first and fourth equations in (2.11), 
leads to 
L 
T,(t) = tot (es — ly) arto f meth (Ge + + lw)? dx 


L L 
-pt f° wider — py | weyydax + py fe Yt (We — ly) dx + Aq | wt (Yr +U + lw) dx 
0 0 0 0 
L L 
+u2 [ 21(a,1,t) (wz — ly) da +2 | zo(x,1,t) (pe +¥ + lw) dx 
0 0 


Using Young’s inequality for the last five terms in the right-hand side gives (3.42) under the 


condition k = ko. 


Lemma 3.11. Let (y, W,w,0,q, 21, 22) be a solution of (2.11 - (2.19). Then the functional 


z wy [% Ma Pe 
lt) = -o | (ype + wu) dx — af y*dx — 3 | wdx 
0 2 Jo 2 Jo 
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satisfies, for c > 0, the estimate 


L i ‘a 
Ti) < -o | diac — | ude +e | (ve + b + lw)? dx 
0 0 0 


2 
2 L 
see 24(a,1,t)dx 
2 Jo 
Proof. Taking the derivative of Z7, by using equations in (2.11), we get 
. L rs L 
L(t). = -o | yrdx — a wida + a (ve + b + lw)? dx 
0 0 0 


L L 
+hy | (we — le? de—k f (ve + + lw) pdx 


3 L 
+us [ pzi(a,1,t)dx + » f wzo(x,1,t)dx, 
0 0 
according to (3.17), we have the following relation where c is a positive constant 


L i 
/ [v2 + wr + w?] dx < cf (ee +o+ lin)? + (Wy — ly)? + 3] dz. 
0 0 


We obtain the result by using (3.47) and Young’s inequality. 


(3.43) 


(3.44) 


(3.45) 


(3.46) 


(3.47) 


Lemma 3.12. Let (vy, W,w,6,q, 21, 22) be the solution of (2.11 - (2.19). Then the functional 


Tz defined by 


E pl 
Ts(t) =n | | e271? 22 (x, p, t)dpdx (3.48) 

0 Jo 

satisfies 
i if 
Te(t) < —2Ig(t) — a | 22 (a, 1, t)dx +f yidz. (3.49) 
0 0 

Proof. By differentiating Ig, then by using (2.11)2 and (2.11)5, and integrating by 


parts, we get 


L fl 
T(t) = -2 f [fe Prravza,(e.p.t dod 


-215(t) - | cP Ha, 1,tde+ f yrdz. 
0 0 


L L 
—2Ig(t) — Cl | ze (ax, 1, t)dx al | peda 
0 0 


for Cy > 0. 


L fl L fl d 
-2n f | e271? 22 (x, p,t)dpdx — | — (e727 z2(a, p, t)) dpda 
0 JO o Jo dp 
i iq, 
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Lemma 3.13. Let (y, Ww, 6,9, 21, 22) be the solution of (2.11 - (2.19). Then the functional 
Tg defined by 


i 7 
To(t) =n | [ e272? 22 (x, p, t)dpdx (3.50) 
0 Jo 
satisfies 
if if 
T(t) < —2J9(t) — c | 28 (a, 1,t)dx +f widzx. (3-51) 
0 0 
Proof. By differentiating Tg, then by using (2.11)2 and (2.11))5, and integrating by 
parts, we get 
L pl 
igit) = -2 f | e°P x5 29 (ax, p, t)dpdx 
0 Jo 


L 1 L 1 d 
-2n | | e 27? 22(a, p,t)dpdx — | — (e723 (x, p,t)) dpdx 
0 JO o Jo dp 
i re 


= —219(t) - cm eA(a,1,t)de+ f wida. 
0 


0 


i i 
—2Ig(t) — cf A(a,1,t)de+ [ widxr 
0 0 
for Cy > 0. 


Now, we are ready to state and prove the main result of this section. First, we define a 


Lyapunov functional £ as follows 
9 
L(t) = NE(t) + S° MiZi(t) (3.52) 
i=1 


satisfies, for N;, i = 1,2,...,9 are positive constants to be proprerly chosen later, with suffi- 


ciently large N, one can easily prove that 
ayE(t) < L(t) < agE(t), VWt>0 (3.53) 
where a1 and ag are positive constants. 


Theorem 3.1. Let (y,~,w,0,q, 21, 22) be the solution of (2.11 - (2.19) and assume that 
(Ay), (A2), k = ko, wi > |ue2| and Ay > |A2| hold. Then, the energy functional satisfies, 


E(t) < ae Sig nee Vt >0 


where cy, and cz are positive constants. 
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Proof. From the estimates of the previous lemmas we have 


rd L 
L(t) < {-noN +cN4+1p1Ne6 — piN7 + No} [ yi da + {-rasod = — Ne ae aN} i pe da 
0 0 


L L 
+ {=ngN —lp1.N6 — piN7 + No} i wider + {-BN +cNo+ oN} f qedx 


=p om : 2 
N=g(t) + (€2 + 2g1€3) No + 5 + : Ns + cN7 w,dx 
4 0 


N. Peet “Ht L 
: + oN ( fs ey +1) P3 Nis 4 ansh [ 02 dx 
E] €2 €3 2 0 


1 L 
x ~~ thos + ene} f (wx — lip)” de 
0 


2 L 
noN +cN4+ BN; - cna} / 22 (a,1,t)dx 
0 


2 L 
+ fans Nat 2 Ns 4 tino + ene (ve +b + lw)? dx 
0 
{mn +3 


a / ae 
noN Nz — C,No 25(x,1,t)dx 
0 
L L 
+ {-mNg} [ 2c, p,t)de + {-mNo} ik Ble, p,t)de 
0 0 


+ {e(6' Ni + 2gesNo)} ie (9° Ya) da + N53 E (s' ove) de 


L 
+6 | (Ns + poNy + cNa + No) vp + (2N6 + kN1) (Yo +p + lw)? + 2No (we — ly)? 
0 


+ [(b? + 5? — 26bgo) Ni + 291.5] bz + 291.5 (g 0 We)] dex 


1” [p29(0) N3 & pi, AY 
al | r N, (g' ove) 4 ror 4 Nove 4 ie 7 Now; | dx 


1 re 2 N. 2 2 
+5 f (GN. + *) y? + 2 Noxi(e, 1,t)+ FZ Newla, 1.8) dx. 
0 


By taking eg = 63 = «4 = N5 = Ng = N7 = 1, Ni = No and Ng = No, we arrive at 


rs i 
L(t) < {=noN + Ns + tpi ~ pi + No} f ida + {( 290 2) Ni 4 ob | veda 
0 0 


L L 
+ {=ngN = tps -or+Ns} f upde + {BN + oNa + eNs} | qedx 
0 0 


=p L 
Noa) + (420) M+ aa teh fuer 
0 


1 1 z 
(5+e(=+3))m-Srasi} 62 dx 
2 €1 2 0 
B 
Ny lko 4 ch f (we — lp)? dx 
0 


EXPONENTIAL DECAY FOR A THERMO-VISCOELASTIC BRESSE SYSTEM 


2 


k k ss 
Ham- fmt Frith | (vr + b + lw)? dx 
0 


u2 L 
+ noN + cN44 5 cna} f 22 (a,1,t)dx 
0 


/ Dee leg u 
+ {=o + % = ciNa} [ 22(x, 1,t)dx 
0 


+{—mNe} ([ 22 (a, p,t)dx + [ 24 (x, p, thd) 


+{(c(5) + 291) nm} 1s (902) de +N? [ G own) dx 


/ 1 / 
+6 C1(N1, N3, Na) E(t) — >Co(M1,.N3, Na)E (t). 


a 
Let us choose Ng large enough such that 
lk 
Sa —lkp +e <0. 
Picking Na and choose N, large enough so that 


@zz = ) Ni + p2 <0, 


choose €, small enough so that 


k k? 
ama QNae hike <0. 


Next, we select N3 large enough such that 


1 1 
ae | Soa \ aN ee he Ne ee: 
2 €1 2 


Finally, we choose N sufficiently large to satisfy 


—noN +cNia+Ngt+pi(l—1) <0, —noN-Ci\Ng+ 3 <0. 


—ngN + Ng—pi(l+1) <0, —noN+cNy—CiNg+ 2 <0, 


—~BN+cNi+cN3 <0, —N&o(t)+(1+2m)M+34+7+e<0. 


Therefore, (3.54) takes the form 


Co (Ni, No, N. 
£'(t) < — [Co — 1 (i, Na, Na) 8] ee) - 2 Na No 


53 


L 
ee + ca [ (ao vaae 


for some positive constants Co,C\,C2,C3. At this point, we take 6 < 22, then for some 


Ci? 
mo > 0, we obtain 
L GC 


£'(t) < —mo€ (t) + cs | (9° We)da — Fé (2) 


(3.54) 
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Multiplying (3.54) by n(t) gives 


j fe Co ; 
n(t)L (t) < —mon(t)E(t) + C3n(t) / (9° vx )dx — Fy Me (t). (3.55) 


The second term can be estimated, using (A), as follows 


L L t 
Cant) (a0 ve)de = Catt) [ [alts Welt) — vols)? dsae 


< - “He tt, 


so for some C4 > 0, (8.55) becomes as follows 


nL (t) < —mon(DE) — CrE() — Sule’, (3.56) 
We have 
FQ =n (c(t) + Ge) ~e 


Therefore, using (3.56) and the fact that 1 (t) < 0, we arrive at, 


FO =n@) (co + Fee) +09 (CO+ Seo) <u (cos Geo). 


F (t) < —mon(#)E(t) — ChE (2). 
Now, we set 
G(t) = F(t) + C4E(t) ~ E(t), 


gives 


/ / 


G (t) =F (t) + Cu€ (t) < —mon(t)E(t). (3.57) 
A simple integration of over (to, t) leads to 


Gt) < Glty)e77 Sin 9048, (3.58) 


Recalling (3.53) and estimate (3.58) completes the proof. 
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ABSTRACT. In our present investigation, we use the Faber polynomial expansions to find 
upper bounds for the n — th (n > 4) coefficients of general subclass of analytic bi-univalent 


functions. In certain cases, our estimates improve some of those existing coefficient bounds. 


1. INTRODUCTION 


Let A denote the class of all function f(z) which are analytic in the open unit disk 
E = {z:|z| < 1} and has the Taylor-Maclaurin series expansion of the form: 


f(z) =z+ S ane”. 
n=2 


By S' we mean the subclass A consisting of univalent functions. The every univalent function 
f € S has an inverse f~! which is defined as: 


(1) 


f"(F(2)) =2, 
and 


ze€B#, 


FUEM(w)) = w, |wl <rolf), ro(S) = 5 
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where 


g(w) = f-1(w) = w — agw? + (2a2 — a3) w? — (5a3 — 5aga3 + a4)w 
Co 
=w+ ~~ A,w”. (2) 
n=2 
A function f € A is said to be bi-univalent in FE if both f and f~! are univalent in E. Let 


& denote the class of analytic and bi-univalent functions in F given by the Taylor-Maclaurin 


series expansion (1). Some examples of functions in the class © are given below: 


However, the famous Koebe function k(z) = as is not in %, for more details we refer 
32]. For f € &, Levin showed that |a2| < 1.51 and Brannan and Clunie [6] proved 
that |a2| < /2. Netanyahu showed that max |a2| = 3. Brannan and Taha [7] introduced 
certain subclass of the bi-univalent functions. For a brief history and interesting examples of 
bi-univalent functions we refer, [32]. 

Not much is known about the bounds on the general coefficient |a,| for n > 4. Here, in 
this paper, we use the Faber polynomial expansions for a subclass of analytic bi-univalent 
functions to determine estimates for the general coefficient bounds |a,,| for n > 4. 

The Faber polynomials introduced by Faber play an important role in various areas of 
mathematical sciences, especially in geometric function theory. In the literature, there are 
only a few works determining the general coefficient bounds |a,,| for the analytic bi-univalent 
functions given by (1) using Faber polynomial expansions see [19]. A very little is 
known about the bounds of Maclaurin’s series coefficient |a,| for n > 4 by using a Faber 
polynomials we refer [4] [2] [8} [9} (14) [17] [31] (30) [34]. 

Firstly, we consider class of analytic bi-univalent functions defined by Bulut and class 
of analytic bi-univalent functions defined by Jahangiri and Hamidi 220]. The purpose of 
this article is to extend the work of {8} [20] by using well known Faber polynomials. In this 
paper, we use the Faber polynomial expansions to obtain bounds for the general coefficients 
|a,| of bi-univalent functions in N&(6d,A,a, 3) as well as providing estimates for the initial 


coefficients of these functions. 


2. The class N§(6, A, a, 8) 
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Definition 1.1. A function fe ,0<d6<1,A>1, Hu >0, and0< 6 <1 we introduce a 


new class of bi-univalent functions N§(5,A,a, 8) as f € N§(6,A,a, 8) if and only if 


Re a-a{a-» (2) aro (2) } +6( 22) (42) >a, (3) 
and 
eau (82 2)} (fi) (40)'] > 


whereO<a<1, z,w€ EL, g(w) = f-'(w) is defined by 


Remark 1.1. In the following special cases of Definition 1 we show how the class of analytic 
bi-univalent functions N§(6,,a, 8) for suitable choices of X, 6, 8 and p lead to certain new 
as well as known classes of analytic bi-univalent functions studied earlier in the literature. 
(i) For 6 = 0, we obtain the class of bi-univalent functions introduced by Bulut [8]. 

(ii) For 6 = 1, we obtain the class of bi-univalent functions introduced by Jahangiri and 
Hamidi [20}. 

(iit) For 6 = 0 and 4 = 1 we obtain the class of bi-univalent function introduced by Frasin 
and Aouf [13]. 

(iv) For 6 = 0, X = 1 and wp = 1 we obtain class of bi-univalent function introduced by 
Srivastava et al [33}. 

(v) For 6 = 0, and \ = 1 we have the bi-Bazilevic function class introduced by Prema and 
Keerthi [29]. 

(vi) For 6 = 1, and B = 1 we get the class which is consists of functions f € XY, satisfying 
Re((f'(2)) >a and Re((g'(w)) >a, where0<a<1, andz,w€E andg=fe!. 


2. MAIN RESULTS 


Using the Faber polynomial expansion of functions f € A of the form (1), the coefficients 


-1 


of its inverse map g = f~ are given by, 


: a 7 
gw) =f ‘(w) =wr ) 7 hn—1(a2, a3, oan Ds 
n=2 
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where 
22 (=n)! Ai (=n)! sf 
K-™ = n n 
r-1- “4 Din—5l? + Beont+)in—-a2 % 
(—n)! n—4 a 
(—2n+3)\(n—-412 ~* 
(=n)! —5 2 
[2(—n + 2)]!(n ay [pace m2] 
(—n)! 2 
Cine B(na ons | (tot HIn + Based 
- Sa’, (4) 
j27 
such that V; with 7 < 7 < nis a homogeneous polynomial in the variables | az |, | a3 |, ...-. |an| , 
[1]. In particular, the first three terms of K,”, are 
di 
ce == 25 
1 
gfe 3 = 202 — ag, 
tke =~ (Gas 5 5 
153 = —(5a5 — 5agag + aa). (5) 


In general, for any p € N and n > 2, an expansion of K?_, is as, [2], 


plp—1) 2 p! 3 p! = 
K® .= BF ——_ ee : 
n—-1 PAn + 9 es (p _ 3)!3! n—1t (p a 1)\(n = 1)! n—-1? (6) 
where FE? , = E? _,(ae,q3....) and by B], 
[oe] 
imag )P*...(a,)0— 
EB | (ag, ..-,4n) = , for m<n. 
" i ° ") d Hl, ++) Hn—1} 


While a, = 1, and the sum is taken over all nonnegative integer [W1,..., Un satisfying 


fa + Quo +... + (n—1)pn-1 =n-1. 


Evidently, |i (0a: i, On) = a [4]; or equivalently, 
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while aj = 1, and the sum is taken over all nonnegative integer 1, ..., n satisfying: 
Mi t+ pat... + in =™M, 
fy + Quo +... + (2) pn = 7. 
It is clear that E?(a1,...,@n) = Ej the first and last polynomials are: 
i =a) ) Seem 


Theorem 2.1. For] <6 <0, A>1,H>0,0< 6 <land0O<a< 1. let fe 


N§(6,A, a, 8), if am =0;2<m<n-1, then 


2(1 — a) : 
l= Gaoer mI yeeee =p Oo 2 
Proof. For the function f € N§(d, A, a, 8) of the form (1), we have 
ane ' a\e zf (z z)\P 
ano fan (2 safe (£2)} 46( £2) (22) 
=1+ Ye Fat (@25 Aon n)2"—2 (8) 


and for its inverse map g = f~!, we have 


a-ofa ») (2)" lies (222)""} +6) (2)" 


=1+ S> Fr—1(Ao, A3...; An)w"*, (9) 


n=2 


1 K7" (aa, a3, me 


where, A, = 


Fy = {(1—9)(u+d)+9(6 + 1} aa, 


~)+(6-)) 
2 


(u=1)(u—-2)+(8-1)(8=2) 3 | 
3I 9 


Fy = {(1—6)(w + 2A) + (6 + 2)} M Bas), 


F3 = {(1— 4) (uw +3A) + 6(8 + 3)} 
—{(u—1) + (8 —1)} agag + a4 


In general 


Rite Oe eT Wee 
x {(u— 1)! + (8-1 


’ 


where 


be (az) a? ...(an)™— 
i De dy léo!..., in! [Lue — (t1 + io + .dn_a}!E+ {6 — (i tig t.in_a) HY 


iy +2igt...(n—1)in_1=n—-1 
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On the other hand, since f € N&(6,A,a, 8) and g = f~' € N&(6,X, a, 8) by definition, there 
[oe] [oe] 

exist two positive real-part functions p(z) = 1+ >> cnz" and q(w) =1+ >> c,w” € A where 
n=1 n=1 


Re(p(z)) > 0 and Re(q(w)) > 0 in E, such that 


a-afa d) (f2)" + Af (2) (@2)"| | (72) (2) 


=a + (1—a)p(z) 


=1+(1—a) >* Kh (e1,09, ...,en)2” (10) 


n=1 


(1 —6) {a-a Golenke Co re (2) (ey 


=a+t (1— a)q(w) 


and 


=1+(1—a) ¥* K} (di da, ..., dn)w™. (11) 


n=1 
Note that, by the Caratheodory lemma [10], |c,,| < 2 and |d,| < 2, (n € N). Comparing the 


corresponding coefficients of (8) and (10) for any n > 2, we have 
Fy1 (a2, @3....,@n) = (1 — a) K1_1(e1,02,...,€n-1), 2 > 2. (12) 
Which under the assumption am = 0; 2<m<n-—1, we have 


(1-6) {w+ (n—1)A}4+ 6{64 (n- Dhan =(L-a)en_1, n> 2. 


Similarly corresponding coefficients of (9) and (11) we have 
Fy-1(Ag, As....; An) = (1 = a)K}_4(di,de, sity a1)5 nm > 2. (13) 
Which by the hypothesis, we obtain 


(1 - 6) {w+ (n—1)d} +6 {8 + (n—1)} An = (1-)dy-a (14) 


Note that for a, = 0; 2<m<n—1 we have Ay, = —an, and so 


(1-6) tu + (n — 1A} + 6 {8 + (n— 1) } an = (1 — @)en-1, 


(1-6) {w+ (n— 1A} +4{8 + (n—1)} an = (1 — a)dn-1. (15) 
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Now taking the absolute values of equation (14) and (15) and using the fact that |c,_1| < 2 


and |dn—i| < 2, we obtain 


la | _ \(1 — a) en—1 
™ (1—6) {u+ (n—1)A}¥ + 6 {8 + (n- YD} 
= |(1 — a)dn—-1| 
(1-46) {ut (n— 1)A} +6 {8 + (n —1)} 
2 2(1 — a) 
~ (1-6) {ut (n— 1A} +4{8 + (rn —- 1)} 


which completes the proof of Theorem |2.1 


Remark 2.1. (i) Ford =1 in Theorem|2. 1] we obtain the estimates |a,|, proved by Jahangiri 
and Hamidi in [20}. 

(ii) For 6 =0 in Theorem|2. 1| we obtain the estimates |a,|, proved by Bulut in [8]. 

(iii) For 6 =0, ~=1 in Theorem 1 we obtain the Corollary 1, proved by Bulut in [8]. 


Theorem 2.2. For1 <6 <0,A>1,H>0,0< 8 <1land0<a<1. Let f € NE(6,4, a, B). 
Then 


2(1 — a) 


laal $ Tq Ht) + 5G FD} 

4(1 — a)? 2(1 — a) 
sl < TG qn teesDe  (-duta reer =) 

2(1 — a) 
las — «3 < Gt ay +S Ge) 
Proof. Replacing n by 2 and 3 in (12) and (13), respectively, we find that 

{(1—6)(uwt+A)+6(6 + 1} ag = (1-a)cy, (16) 
{0 d)(u +22) +6642} [EYEE Ds as]=-a)e, (07 
{(1 — 6)(wt+ 2A) + 6(6 + 2)} a2 = (1—a)di, (18) 
{(1— (a+ 2d) +6(8 +2} (AFUE FY 2 o.|= 0a). —(19) 


2 
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From (16) and (18) we obtain 


lay| = (1-a)c | - | (1-a)d, 
{(1 — 6)(u + A) + (8 + 1)} {(1 — 6)(u + A) + 6(6 + 1)} 
2(1— a) 
<TH + +584) ea 
Adding (17) and (19) we have 

[{(1 — 5)(u + 2d) + 5(6 + 2)} (w+ B)] a5 = (1 — a) (cz + dp). (21) 

Using the Caratheodory lemma, we have 

4(1 — a) 

ae las Nu +D) + B42} +B) a 


Combining inequality (20 ) and (22) we obtain required result (i). Next in order to find the 


bound on the coefficient |a3|, we subtract (19) from (17) we thus obtain, 


2{(1—5)(u + 2d) + 6(8 + 2)} (a3 — a3) = (1 — a) (co — da), (23) 
wise |(1 = a)(c2 = da)| (24) 


2{(1—5)(w + 2A) + 6(6 + 2)} 
Substituting the value of a3 from (20) into (24), we obtain 


(1 — a)e4 (1 — a)(c2 — da) 


a3 = ; 25 
e118) trA+5B+D}" 2{0—d)(w+2a) +48 + 2)} ?) 
Taking the absolute of (25) and using the Caratheodory lemma we have 
Pe A(1— a)? 2(1 — a) (26) 
{0 —A (Ht H+ 6B+H)P (= 4) (H+ 2d) + (8 +2)} 
Again substituting the value of a3 from (21) into (24), we obtain 
A (1 — a)(c2 + do) ae (1 — a)(c2 — da) (27) 
{(1—6)(u+ 2A) + 6(8+2)} (H+ 8)  2{(1— 6)(u+ 2d) + 4(B + 2)} 
Again taking the absolute of (27) and using the Caratheodory lemma we have 
A4(1 — 
(1— a) (28) 


a3| < . 

lal $ Te DA) + ETD) FD) 
From (26) and (28) we obtain required result (1b). Taking the absolute values of both sides 
of the equation (23), we obtain 


la spe 2(1— a) S 2(1 — a) 
FN = 8) (w+ 2) + 8(B +. 2D}| = {A= (uw + 2) + 0(B +2} 


(29) 
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Which is the desired inequality(1c). 


Remark 2.2. (i) Ford =1, w=1 in Theorem|2.9 we obtained the estimates |aa| , 


ne 
proved by Jahangiri and Hamidi in [20}. 

(ii) Ford =0 and B=1 in Theorem|2.3 we obtain the estimates |az| and |a3|, proved by 
Bulut in |B}. 

(ii). For 6 = 0, P= 1 and p= 1 im Theorem |2.2) we obtain the estimates |az| and |a3| of 
Corollary 2 proved by Bulut in |g]. 

(iu) Ford =0, A= 1, and B=1 im Theorem|2.2| we obtain the Corollary 8, proved by Bulut 
in [8]. 

(eo) Foro = 1, ¢— 1nd p= ain Theorem [2.9] we obtain the Corollary 2.2, proved by 
Jahangiri and Hamidi in ; 


Letting d =1, X\=1, w=1 and B=0 in Theorem|[2.4 we obtain the following corollary for 


analytic bi-Starlike functions of ordera,0<a< 1. 


Corollary 2.1. Let f € N$(1,1,a,0) be bi-Starlike of order a in E. Then 


|ag| < 2(1— a), 


la3| < 3(1 — a), 


|az — a3| <1—a. 
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